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Abstract

We study the informational role of prices in a stochastic environ-
ment. We provide a closed-form solution of the monopoly problem
when the price imperfectly signals quality to the uninformed buyers.
We then study the effect of noise on output, market price, informa-
tion flows, and expected profits. The presence of noise may reduce
the informational externality due to asymmetric information, which

increases the firm’s expected profits.
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1 Introduction

Market prices are instrumental not only in allocating resources in an economy,
but also in disseminating information to market participants (Grossman,
1989). In particular, in the consumer problem, buyers face uncertainty about
many aspects of the market, e.g., the characteristics or the quality of the
goods that they consider purchasing. While signaling models have been
developed to study asymmetric information, they all rely on a deterministic
setting (Bagwell and Riordan, 1991; Daughety and Reinganum, 1995, 2005,
2007, 2008a,b; Janssen and Roy, 2010; Mirman and Santugini, 2013). That
is, except for the unknown quality, every other aspect of the market is known
to the buyers, e.g., demand and cost of the firm are known. However, there
are many circumstances that reduce the buyers’ ability to extract information
from observable outcomes. In other words, uncertainty plays a crucial role
in revealing information. This uncertainty in turn affects the ability of the
firm to influence the learning process. For example, in addition to being
uncertain about the quality, buyers lack knowledge about the demand faced
by the firm, i.e., the environment is noisy. This affects not only the decision
of the firm, but also the informativeness of the price regarding the quality of
the good.

The informational role of prices in a noisy environment influences the
behavior of all the agents in the model. In particular, the market outcomes
depend on both the firm sending out a signal that is contained in prices,
as well as the uninformed buyers receiving and interpreting the information
contained in the price signal. Studying the informational role of prices in a
noisy environment would deepen our understanding of information flows in a
more complex and realistic environment. Indeed, in a noiseless environment,
firms can only react to the informational externality due to asymmetric infor-
mation. However, in a noisy environment, while still facing an informational
externality, firms are able to take advantage of the noise by manipulating the
beliefs of the uninformed buyers.

There is a small literature beginning with Matthews and Mirman (1983)

on signaling in a stochastic setting. Although done in a limit pricing en-



vironment this idea is central to all models with asymmetric information.
Matthews and Mirman (1983) shows, among other things, that noise may
remove the necessity to define out-of-equilibrium beliefs. Yet, although the
use of noise removes difficulties in characterizing the equilibrium, little is
known about the effect of learning through prices when prices convey partial
and incomplete information to the buyers. In light of recent experimental
work that suggests that the stochastic environment actually maps better into
experimental subject behavior (Jeitschko and Norman, 2012), it is important
that this avenue of research be further pursued.

In this paper, we study the informational role of prices in a stochastic
environment. To that end, we consider a single market in which a static
monopolist supplies a good to price-taking buyers.! The quality of the good is
known to the monopolist, but only to some buyers. The remaining buyers are
uninformed, but anticipate that the market price conveys some information
about quality. In other words, the uninformed buyers anticipate learning,
and, thus, form expectations about the informativeness of the price that are
consistent with their knowledge of the structure of the economy. In addition
of not knowing quality, the buyers have partial knowledge of the market,
i.e., the environment is noisy. This, in turn, implies that the market price
conveys only partial information about quality.

We first provide a closed-form solution of the monopoly problem when
the price imperfectly signals quality to the uninformed buyers, as well as
expressions for the effects of noise on output, price, and information flows.
We show that equilibrium output can be decomposed into two components.
The first component is related to the effect of the informational externality
in a noiseless environment. The second component is due to the presence of
noise in demand.

Second, we study the effect of noise on the equilibrium. We begin by
recalling that in a noiseless environment the effect of the informational ex-
ternality is to decrease output. As noise increases, the posterior mean for

quality depends less on the new information (from the price-signal) and more

1Judd and Riordan (1994) studies the behavior of a noisy monopoly in a dynamic
context in which buyers learn from observing the price as well as from experience.



on the prior beliefs. Hence, the effect of the informational externality identi-
fied in the noiseless case is reduced by the presence of noise, which leads to
an increase in output. An alternative explanation is as follows. Note that ex-
pected demand depends positively on the uninformed buyers’ posterior mean
about quality. Moreover, the posterior mean increases with the prior mean.
Hence, the equilibrium quantity increases with the prior mean quality. We
show that the equilibrium output in the noiseless case is equivalent to the
equilibrium quantity with noise when the prior quality mean is zero. Since
equilibrium quantity is minimal when the prior mean is zero, the introduction
of noise necessarily increases output. We then show that the introduction of
noise may increase or decrease the mean price depending on the bias of the
prior relative to the true quality. In particular, if the prior mean is much
greater than the true quality, then noise increases the mean price. But, if
prior beliefs are unbiased or downward-biased, then the mean price decreases
with noise. Finally, we note that noise may reduce the informational exter-
nality due to asymmetric information, which increases the firm’s expected
profits.

The paper is organized as follows. Section 2 presents the model and
characterizes the noisy REE. Section 3 discusses the benchmark case of a
noiseless environment. Section 4 studies the effect of noise on the equilibrium.
Section 5 concludes and suggests possible extensions for the informational

role of prices in a noisy environment.

2 Model and Equilibrium

In this section, we present a model of noisy information flows. Specifically,
we consider a single market in which a monopolist supplies a good to price-
taking buyers. The quality of the good is known to the monopolist, but only
to some buyers. The remaining buyers are uninformed, but anticipate that
the market price conveys some information about quality. In other words, the
uninformed buyers anticipate learning, and, thus, form expectations about
the informativeness of the price that are consistent with their knowledge of

the structure of the economy. In addition of not knowing quality, the buyers



have partial knowledge of the market, i.e., the environment is noisy. This, in
turn, implies that the market price conveys only partial information about
quality. We first describe the agents and the market in which they operate.
We then define and characterize the noisy rational expectations equilibrium
(REE). In the next section, we study the effect of noise on the equilibrium.

Consider a market for a homogeneous good of quality # sold at price p.
There are both informed and uninformed price-taking buyers. The informed
buyers know 6 and have demand ¢¢ = § — p. The uninformed buyers do not
know 6, and have prior beliefs § ~ N (g, 03) , e > 0 with the corresponding
p.d.f. £(0). The uninformed buyers extract information about # from observ-
ing the price, using Bayes’ rule to update beliefs. Hence, for the uninformed
buyers, the price plays an informative role about quality along with the usual
role of a parameter defining the feasible set of purchases. Let £(6|p) be the
posterior p.d.f. of § given p. The posterior beliefs depends only on the price
because the quantity supplied is not observable. Since the only difference
between informed and uninformed buyers concerns information, the demand
of the uninformed buyers is ¢ff = jig(p) — p where fig(p) = [ zé(x|p)de is
the posterior mean for quality. Normalizing the mass of buyers to one and

letting A € [0, 1] be the fraction of informed buyers, aggregate demand is

D(p.0,£(1p).m) = M0 —p) + (1 — N ( [ ettt - p) o

where 7 is a demand shock unknown to all buyers. Moreover, it is assumed
that 7 is a realization of 77 ~ N(0, 07).

Next, we describe the firm’s maximization problem. The monopolist
knows the quality 6, but faces uncertainty in demand due to the demand
shock 7. The monopolist supplies ¢ units of the good to maximize expected
profits E;P(8,q, 7, f())q where E; is the expectation operator for the ran-
dom variable 7 and P(Q,q,ﬁ,é (+)) is the inverse random demand function
corresponding to expression (1). Information flows, working through the
posterior mean, influence profits and constitute an informational externality
to the monopolist.

Before proceeding with the definition and the characterization of the equi-



librium, we comment on the distributional assumption. In order to study
noisy signaling in monopoly, we rely on the fact that the family of normal
distributions with an unknown mean is a conjugate family for samples from
a normal distribution. Normal assumption combined with linear demand
yields closed-form equilibrium values and makes the analysis tractable by
focusing on the mean and variance of price and posterior beliefs.? Hence,
the normality assumption allows us to gain insight on information flows in a
noisy environment. Although equilibrium price and posterior mean quality
can admit negative values, restrictions on parameter values ensures that the
probability of a negative price or a negative posterior mean be arbitrarily
close to zero. Moreover, it turns out that the equilibrium value for output is
always positive.

Having described the agents and the market in which they operate, we
now define the noisy REE. Equilibrium consists of the monopolist’s strat-
egy ¢*(0), the distribution of the price signal ¢*(p|6) for the random price
p*(0), and the uninformed buyers’ posterior beliefs about the quality upon
observing the price, é*() In equilibrium, posterior beliefs are restricted by
the uninformed buyers’ partial knowledge of the structure of the economy
(i.e., n is unknown to buyers). In other words, using Bayes’ rule, posterior
beliefs are consistent with demand and the firm’s strategy. Specifically, given
equilibrium output and posterior beliefs, for any quality ¢ and demand shock

n, a realization p of the random variable p*(6) satisfies
N0+ -0 ([ lapie—p) sn=r0) @
R

Definition 2.1. The tuple {q*(@),¢*(p]9),é*(-)} is a noisy REE if, for all
0 >0,

1. Given £*(-),

q*(0) = arg max E;P(0,q,7,£(-))g- (3)

2See Grossman and Stiglitz (1980), Kyle (1985), Judd and Riordan (1994) for the use
of normal distributions to study the informational role of prices in single-agent problems.



p(0) = P(0,q"(0),7,£(-)) (4)
is the random price signal with the corresponding p.d.f. ¢*(p|0).

3. Given ¢*(p|0) and prior beliefs, the uninformed buyers’ posterior beliefs

’ )
SOP) = e @)e (pla)ds ©)

Proposition 2.2 states that there exists a unique noisy REE in which the

price retains the normal distribution. In equilibrium, the updating rule is a

linear function of the price signal.

Proposition 2.2. There exists a unique REE with a linear updating rule.

In equilibrium, the monopolist sells

N 2(1 = N)otpg

L Y N )

The distribution of the price signal is p*(6) ~ N (s, 03?) where

_dor+ (2= NAof

*

= 6 7

Hp 40% + A207 (), (7)

e (402 + (2 = M)Aoj)?o; ®)
P (40% + A202)? '

The uninformed buyers’ posterior beliefs are 0|p ~ N (j5(p), 632) where

13(p) = 40%;19 2)\0317 (9)
HolP 402 + Nog 402+ (2—N)Aoy’
40202
62 n 6 (10)

40% + )\203'

Proof. Given (9), plugging [15(p) = [, 2&*(z|p)dz = a* + b*p into (1) and

solving for the price as a function of ¢ yields the revised random inverse



demand

A+ (1= Nat+i—g

where
4o 1ug
* Ui 12
“ 40% + Ao’ (12)
. 2\o3 (13)

B 4024 (2 = N Aog

~

Given (11), the first-order condition corresponding to max,>o E; P(0, ¢, 7, £*(+))q
is (A0 + (1 —X)a* —2q)/(1 — (1 = A)b*) =0, which yields (6).
Plugging (6), (12), and (13) into (11) yields the price signal
i AN+ (1—=Na*+n—q"(0
gy MOV = g (0)
1—(1-=MX\b

402 + (2 — A\)Aoj
=1 “(0) +1n). 1
e 0)+) (15

(14)

Since 77 ~ N (0, 02), the distribution of the price signal is normal with mean
and variance (7) and (8), respectively.

Given the normal distribution of the price with mean and variance (7)
and (8), respectively, and prior beliefs 6~ N (pe, 03), the uninformed buyers’
posterior beliefs is A|p ~ N (f15(p), 532), where ji5(p) and 652 are defined by (9)
and (10), respectively.? O

The parameter A is the fraction of informed buyers in the market and pro-

vides information about the intensity of the informational externality faced

3Note that expression (15) can be rewritten as p*(f) = W. Let Z =

2(1—(1=N\)b*)5*(0) /A —(1—N)a* /XA = 6+2i)/ X, so that 2|0 ~ N (9, 407 /X?). Given that 6 ~
N (ug,03), the posterior distribution upon observing z = 2(1— (1 —X\)b*)p/A — (1 — A)a* /A
is

7 g+ 0221 — (1= Nb)p/A— (1—Na*/A) 1

0|z~ N - . (16)
T+ 03 ot

A2

Equating the posterior mean defined by (16) to a* + b*p and solving for a* and b* con-
firms (12) and (13).



by the firm. The case of A = 1 refers to the benchmark case of full informa-
tion in which there is no informational externality. If A € [0,1), then there
are uninformed buyers who have rational expectations about the relationship

between quality and the price. The parameter 072) provides information about

2:
n

noiseless as done generally in the signaling literature. When 0727 > (0, the envi-

the level of noise in the market. When o 0, the environment is assumed
ronment is noisy. The expression for output stated in (6) shows the influence
of these parameters on behavior.

Equilibrium output is the sum of two components. The first component
of (6) depends on the fraction of informed buyers, but not on noise, which
thus refers to the equilibrium level of output set by the firm in a noiseless
environment with information flows. The second component depends on both
the fraction of informed buyers and noise and represents the effect of noise
on the firm’s behavior in a noisy REE.

Having characterized the REE, we use Proposition 2.2 to study the ef-
fect of noise on the REE. We proceed in two steps. We first discuss the
benchmark noiseless REE (when o7 = 0). We then study how an increase in
the variance of the noise alters the equilibrium by comparing the noisy and

noiseless outcomes for quantity, price distribution and posterior beliefs.

3 The Noiseless Case

In the noiseless case (i.e., 0727 = 0), there is complete learning. Indeed,
from (12) and (13), f15(p)]o2=0 = a* +b"p = 2p/(2 — A), so that, from Propo-
sition 2.2,

B+ (015 (0" (0)) ] r3=0,150 = 0 (17)

and 032\0727:0, >0 = 0. Although there is complete learning, the presence of
uninformed buyers has an effect on behavior. In other words, the full infor-
mation solution is not a noiseless REE. To see why, suppose to the contrary
that the full information solution is a noiseless REE. Then, from (6) and (7),
given q*(@)\agzo,)\zl = u;’a,%:O,)\:l = 6/2, the uninformed buyers’ posterior

mean is [5(p) = 2p. However, this is inconsistent with the firm’s optimal

10



behavior. Indeed, given fij(p) = 2p, the firm’s optimal output decision is not
q*(6)|ag]:07 a=1 = 0/2, which destabilizes the equilibrium.

As the firm maximizes expected profit, it takes account of the effect of
output on the price directly through the market as well as indirectly through
the posterior beliefs. Hence, the presence of uninformed buyers has an effect
on the firm’s behavior. Specifically, from (6), dg*(0)[s2=0/0A = 6/2 > 0
so that a decrease in the fraction of informed buyers reduces the quantity
produced by the firm, i.e., ¢*(0)[s2=02=1 = 6/2 > ¢"(0)]s2=02e0,1) = A0/2.
This in turn increases the mean price. There is thus a loss in efficiency
because expected profits are reduced and buyers pay on average a higher
price. This loss of efficiency decreases with the fraction of informed buyers,

tending to the full information case as A — 1.

4 The Effect of Noise

Having discussed the noiseless case, we now proceed with the effect of noise

on behavior. Let

by = 4" 030 = 0" Ooag. (18)

Yy, = Iy 0250 Iy 02=0" (19)

Yoz = 0;2 0250 U;Q 02=0" (20)

Vip = / fi5(p)¢*(p)dp| - / fiz(p)o*(p)dp| (21)
R 02>0 R 02=0

Vo = 5370 — 05 (22)

be the effects of noise on output, the mean and variance of the equilibrium
price, and the posterior mean and variance of quality (evaluated at the equi-
librium mean price), respectively.

We begin with the effect of noise on posterior beliefs, which is the basis
for understanding the effect of noise on the other variables. Proposition 4.1
states the effect of noise on posterior beliefs. The posterior mean evaluated

at the equilibrium mean price may increase or decrease with noise depending

11



on the bias of the prior mean. For instance, if prior beliefs are biased upward,
i.e., pg > 6, then posterior beliefs remain biased upward, although the bias
is reduced. The reduction in the bias depends on the composition of buyers,
the variance of the demand shock, and the variance of the prior beliefs. The
posterior variance necessarily increases with noise since there is complete

learning in the noiseless REE.

Proposition 4.1. From Proposition 2.2, and using (21) and (22),

oy (po — 0)
Vi = —5 5 > 0, (23)
1o 402 + N0
if and only if g > 6. Moreover,
40202
Vs 10> . (24)

N 402 + No?

Proposition 4.2 provides the effects of noise on output and the price dis-
tribution. On the one hand, the effect of noise is to unambiguously increase
output. On the other hand, noise may increase or decrease the mean price
depending on the bias of the prior relative to the true quality. In particular,
if the prior mean is much greater than the true quality, then noise increases
the mean price. But, if prior beliefs are unbiased or downward-biased, i.e.,

to < 6, then the mean price decreases with noise.
Proposition 4.2. From Proposition 2.2, and using (18), (19), and (20),

2(1 = N)ozpe

= (25)
1 402 + Ao
Moreover,
o = 407 + (2 = M) Ao A 2(1 = N)otpe 2-N0 - (26)
K 402 + Nag 2 402 + Noj 2 ’

12



207 +Aa5 /2
02+(2-M)Aoj /4

if and only if e > 0 >0, and

2 . 2\ 2
o = (4% + (2 = A)Ao}) ~o (27)

? (40% + /\203)2 ol

We now discuss Proposition 4.2 by focusing on the effect of noise on
equilibrium output and mean price defined by (6) and (7). We begin with
equilibrium output. In the absence of noise, the presence of uninformed
buyers induces the firm to reduce output, which increases the mean price.
Hence, the learning activity of the uninformed buyers has a negative effect

on output. As the level of noise increases, this negative effect is mitigated.

2
n

signal has less influence on the posterior mean for quality. In other words,

Indeed, an increase in o- makes the price less informative, and thus the
the uninformed buyers learn less from the price and posterior beliefs depend
more on prior beliefs. From (6), an increase in o7 reduces the negative effect
of the informational externality and thus output increases toward the level of
output in which the uninformed buyers use only their prior beliefs. That is,
lim,2 00 ¢7(0) = (A0+ (1= A)pp)/2. In the limit, equilibrium output depends
directly on the prior beliefs, as no learning occurs. Equilibrium output tends
to a solution with the perceived quality being the weighted mean of the
beliefs of both types of buyers. The limiting case is thus analogous to the
full information case as all buyers use their prior information whether it is
the truth or prior beliefs. In particular, the limiting output is equal to the
full information solution when prior beliefs are unbiased, i.e., uy = 6.

To see this from another point of view, output can be written as a function
of the posterior mean conditional on any price p, fi;(p) = a*+ b*p. From (6),
7 (0) = A(0/2) + (1 — A)(a*/2) where a* is defined by (12). Without noise,

prior beliefs are irrelevant for posterior beliefs, i.e., a* = 0. As 072) — 00,

13



a* — pg. Formally, from (6),

Oq*(0)  0q*(0) Oa*
do2 —  Oa* 90>
21 = X)Aague
B (402 4 Aog)?

>0 (28)

where 5" o?
a 9o
= > 0. (29)
dol  (4oj + Ao2)?

Next, we study the effect of noise on the price. The effect of noise on
the market price is two-fold. Indeed, an increase in 072) changes the posterior
mean via expressions a* and b* as well as induces the firm to increase output.
The increase in output unambiguously decreases the price. However, the ef-
fect of noise on the parameters for the posterior beliefs depends on the prior
beliefs. If the prior beliefs are downward biased, then so are the posterior
beliefs. Hence, the effect of noise on output and demand go in the same
direction of reducing expected price. However, when the prior beliefs about
quality are upward biased, posterior beliefs are also upward biased. Here, the
two effects pull in opposite direction. Specifically, noise induces the firm to
increase output, which decrease expected price whereas upward biased pos-
terior beliefs increases demand, which leads to higher expected price. Hence,
an increase in noise lead to a higher or a lower expected price depending on
the values of the parameters of the model. Formally, from (7),

Oy, _ 8o2(1 — M)A 7(0) +

6072; (40% + )\203) 2

402 + (2 = N)Aoj 9g* (0)
402 + N0 do?

(30)

where, from (28), 8%;(29 ) > 0. As noted, the effect of noise on the mean price
n
is ambiguous.
Finally, we study the effect of noise on expected profits. In our model, the

introduction of noise has an ambiguous effect on expected profits. From (6)

14



and (7), 7(0) = pyq*(0) or

(31)

2
(8) = 402 + (2 = M) Aag ()\_9 2(1 — )\)ag,ug) '

402 + X203 2 402 + Aoy

Recall that in a noiseless environment, signaling (or the presence of unin-
formed buyers) reduces the firm’s expected profits compared to full informa-

tion. Specifically, using (31), expected profits under no noise are

(2 = A\)AG?

=2 (32)

W*(Q)’a,%:o,,\e[o,l) =

which are smaller than expected profits under full information. That is,
T (0)]o2=00=1 = % > 1(0)|o2=0re0.1) = W-

However, in a noisy environment, signaling might increase expected prof-
its. To see this, we compare expected profits under full information with the
limiting expected profits when the variance of the demand shock tends to
infinity. If expected profits under full information is smaller than the lim-
iting expected profits, then, unlike the noiseless case, signaling can increase
expected profits for a finite variance of the demand shock. In the limit,

expected profits when there are uninformed buyers are

lim 7(0)|refo,1) = (A0 + (1 — A)pug)® /4. (33)

2
0'7]4)00

It follows that (33) is smaller, equal or greater than full-information expected
profits if and only if py is smaller, equal or greater than 6 . Hence, from (32)

and (33), W*(@)]Ug]:w\e[o,l) < limg2 0 7*(0)|acpo,1) if and only if
(1= X)2u2 + 271 — N)(pg — 6) > 0. (34)

In particular, suppose that prior beliefs are unbiased, i.e., uy = 0. Then, (34)

is unambiguously positive. Hence, noise may reduce the informational exter-

15



nality, which increases expected profits.*

5 Final Remarks

In this paper, we study the effect of noise on the informational role of prices
in a static monopoly. We show that the introduction of noise has an effect
on both the behavior of the firm and the distribution of the market price.
It is important to continue studying information in a noisy environment in
order to understand the effect of information flows in various economic en-
vironments. Two important extensions come to mind. First, in this model,
the source of noise is assumed to be in demand. However, buyers know even
less about the structure of the economy, especially they have little informa-
tion about the cost structure of the firm. For instance, a cost parameter
is known to the monopolist, but unknown to the buyers, which makes the
price a noisy signal of quality. It would be interesting to study the effect
of different sources of noise on equilibrium outcomes. Second, in this paper,
we have ignored the link between uncertainty and risk aversion. However,
risk aversion has a profound influence on the behavior of buyers and thus
their demand. In future work, we plan to study the effect of risk aversion on

information flows in a noisy environment.

4In a Cournot model without noise, Daher et al. (2012) shows that signaling mitigates
the negative effect of the market externality inherent in the Cournot equilibrium on the
profits of the firms.
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