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The Limitations of Diversification Return

Abstract

Diversification return is the amount by which teometric mean return (i.e., average
compounded return) of a portfolio exceeds the weiglaverage of the geometric means of the
portfolio’s constituent assets. Diversificationurgt has been touted as a source of added return
even if markets are informationally efficient. Rolib rebalancing has been advocated as a
valuable source of diversification return. We destaate that diversification return is not a
source of increased expected value. However, partiebalancing can be an effective mean-
reverting strategy. Any enhanced expected valua febalancing emanates from mean-reversion

rather than from diversification or variance redrct



The Limitations of Diversification Return

Booth and Fama (1992) originated the popular tenmife concept known as “diversification
return”. However, Fernholz and Shay (1982) previpdsveloped the same general concept
using continuous time mathematics and termed theeagu “excess return”. Diversification return
is a portfolio’s average compound return minusvilegghted average of the compound returns on
the assets in the portfolio. Booth and Fama claiat this “incremental return is due to
diversification”. Numerous others have studiecedsification return and the role of portfolio
rebalancing in creating diversification return drade generally concluded that diversification
return is a valuable source of added return. Absean-reversion in the underlying assets, we

find no justification for believing that diversifition return provides increased expected value.

Review of Diversification Return

We begin with a review of the concept of diversifion return as presented in previous studies
such as Willenbock (2011) and Qian (2012). Our psegn this section is not to analyze the
strengths or weaknesses of the concept of diveasibin return, but rather to provide a foundation

for analysis and discussion.

For simplicity, consider an asset with returns #ratuncorrelated through time and that have two
equally likely annual outcomes: +25% and -20%. &hithmetic mean return of this asset is 2.5%
and its annual volatility is 22.5% both of whichyrze found using the two outcomes, the
probabilities and the common definitions of expdatgturn and standard deviation. The
arithmetic mean of 2.5% indicates that the expecsdde of the asset at every point in time is
expected to be 2.5% higher than its value one gadier. Despite this positive annual expected
growth, the high volatility of the asset causesgiemetric mean of the assgtfo equal only 0%

- which is why this particular return combinati@so used by Willenbrock, was selected. The
exact geometric mean can be found directly fromattreual returns as (1.25*0.86)-1, and can

be approximated using the arithmetic mean refurand the population standard deviation of
returns,s, with the following approximation (which omits thégher order terms from a Taylor

series approximation):



g =p- 672 Equation 1

Substituting the asset’s arithmetic mean returnstaddard deviation into Equation 1 confirms
that the asset’s annual volatility of 22.5% lowigssarithmetic mean return from 2.5% to a

geometric mean return of roughly 0%.

Now let’'s expand this single-asset example to @kehcorrelated but otherwise identical assets
in order to analyze equally weighted (and annuabalanced) portfolios of assets each with the
same parameters as the above asset. For simplieiassume that all of the assets have returns
that are uncorrelated through time and uncorrelaittdeach other. Exhibit 1 summarizes the
returns of portfolios with various numbers of ass€&ixhibit 1 depicts the decline in portfolio
volatility and the increase in each portfolio’s geiric mean obtained by diversifying into larger
numbers of equally volatile but uncorrelated asdetthe limit, the portfolio becomes a riskless
asset with a fixed return of 2.5%. Therefore, tifanitely diversified portfolio has no volatility

and has both an arithmetic mean return and a geiomean return equal to 2.5%.

Diversification return was defined by Booth and Baas the difference between the geometric
mean return of a portfoli@,, and the weighted average of the geometric retirtise portfolio’s
constituent assets. With the subscript i denotssgs within the portfolio angl as the weight of

asset i (based on market values) diversificatiturnemay be expressed as:

Diversification Return =g, —> wgi Equation 2

Willenbrock describes the summation on the rightdhside of Equation 2 as te&ategic return
Note that since each of the portfolio’s asset$is éxample has a zero geometric mean return,
the strategic return of every possible portfolidlese assets is zero and so in this particula cas
the diversification return of each portfolio is gilythe geometric mean return of that portfolio.
As depicted in Exhibit 1, the one-asset portfolijogs no diversification and therefore has no
diversification return. The infinitely diversifigabrtfolio has a diversification return equal to its
arithmetic mean return (2.5%). Exhibit 1 confirrhe telationship between diversification and
diversification return since the portfolios with reassets have lower volatilities, greater

diversification, higher geometric means and higheersification returns.



Equation 3 depicts diversification return using Mfibrock’s term “strategic return” to represent

the weighted average of the geometric returnseptirtfolio’s constituent assets.

Diversification Return = Geometric Mean Returnragigic Return Equation 3

The strategic return is a key concept in diveratfan return but it has unclear economic
meaning. It can be viewed as the geometric meanref a rebalanced portfolio containing a set
of hypothetical riskless (zero volatility) assdtatthave the same geometric returns as the actual
assets in the portfolio. The diversification rettinan might be argued to serve as a measure of
the added geometric return that diversification/ancebalancing can generate through the

reduction of risk caused by assembling imperfeatiyrelated risky assets into a portfolio.

It should be noted that the strategic return cabeaibtained through any portfolio rebalancing

of the underlying assets unless both of the assefts zero return volatility. Brennan and
Schwartz (1985) disproved the common misconcepkiaha continuously balanced portfolio of
risky assets earns a geometric return equal teahe-weighted average of the geometric mean
returns of the portfolio’s assets. In studies rdigay diversification return the strategic return
seems to be used as a hypothetical benchmark &twading the actual geometric mean returns of
portfolios. Return above this “benchmark” is theadsification return and it is interpreted

without formal proof as an enhanced return atteblg to diversification and/or rebalancing.

Claims Regarding the Efficacy of Diversification Réurn

This section summarizes the rationale and purpdm¢eefits of diversification return. Bouchy et
al. (2012) refer to the gains from diversificati@iurn as “volatility harvesting” and claim that it
is “the extra growth generated from systematicdilersifying and rebalancing a portfolio”. This
extra growth is said to be available whenever adsa®te “volatilities greater than zero and
correlations less than one”. Diversifying and rabalng are said to “enhance returns in the long
run”. Bouchy et al. demonstrate diversificatioruratusing serially correlated data and they note
the ability of negative autocorrelations (i.e., meaverting returns) to enhance the gains.
However, they do not limit the benefits of diveicdtion return to mean-reverting assets and
conclude “The principles presented here are mathemh&n nature and apply to any set of
sufficiently liquid investments that are volatiledauncorrelated”. They add that volatility is “an

opportunity that can be exploited through rebalagciust as it is possible to harness energy



from waves in the ocean, it is possible to harvetstrn from volatility in the market.” Erb and
Harvey (2006) refer to diversification as “Turniiéater into Wine” and add “Where does this
incremental return come from? From variance redactiThey claim that diversification return

may be enhanced by mean-reversion but does nohdepemean-reversion.

Willenbrock (2011) provides clear definitions arehtbnstrations of diversification return. He
notes that while diversification is often descrilzeda free lunch, he concludes that
“diversification return might be described as tinéydree dessert in finance because it is the
incremental return earned while maintaining a camstisk profile.” Willenbrock provides an
analysis of the role of rebalancing in causing caity price indices to generate different

returns and relates the analysis to diversificateiorn.

Qian’s (2012) primary contribution is to demontgrdne effects of leverage and lending on
diversification return. Qian describes portfoliddyecing as “the simplest and clearest technique
that with few exceptions adds incremental valutxed-weight multi-asset portfolios”. Qian
notes that “Portfolio rebalancing is essentialifarvesting diversification return” and that the two

(rebalancing and diversification) are “inseparable”

The remaining sections of this paper analyze tmpgsted benefits of diversification return. That
analysis begins with subsections that lay imporfiambdational material with regard to the
underlying issues of diversification return inclagigeometric mean returns, volatility,

diversification, and determinants of expected ltrg growth.

The Geometric Mean Return

Since the diversification return of a portfoliodfsmed by subtracting the weighted average of the
geometric mean returns of a portfolio’s assets ftloengeometric mean return of the portfolio, a
clear understanding of diversification return regsia clear understanding of the strengths and

weaknesses of the geometric mean return as a peniace metric.

A correct interpretation of the geometric meanmeis that it is an average of multi-period
compoundedates A key misconception with regard to the expectedngetric mean return is

that it provides an accurate indication of longrexpected futurevealth



Therealizedgeometric mean return of an asset from periodpetmd T is the average
compounded return that discounts the value of $setaat time T to its value at time 0 (assuming
there are no intervening cash flows such as diddgrThe realized geometric mean return
correctlyranksassets relative to their total percentage groWtlus if asset A experiences a
higher realized geometric mean return than asstteRptal (i.e., non-annualized) percentage

growth in asset A’s value will exceed that of agsewer the same time period.

The geometric mean return is a concave transfoomati an asset'’s total percentage growth (i.e.,
its non-annualized ratio of the change in its vatuis initial value). Differences in realized
geometric mean returns can have profoundly diffeeéfiects on total growth due to this
concavity. If asset A has a realized geometric nreturn that is positive and is two times the
geometric mean of asset B, then the total percergemwth in the value of asset A will exceed
the total percentage growth in asset B by more tvartimes. The exact degree by which asset
A’s total percentage growth will exceed asset Bsagh depends on the time interval involved.

This concavity raises problems when the concepkpéctedyeometric mean returns is used.

The distinction between the use afealizedgeometric mean return to measure realized growth
and the use of thexpectedjeometric mean return to measure expected grewdtucial. The
expected geometric mean return (i.e., the expexiagpounded rate of return) of an asset is the
probability weighted average of all of the potelntéalized geometric mean returns. While
realized geometric mean returns correctly rankzedltotal returns, the expected geometric
mean return does not correctly rank the expectead returns. Another potential misconception
regarding geometric mean returns is that maxinonadif the expected geometric mean return of

a portfolio is an optimal portfolio strategy.

! To prove this point consider a risky asset withaoted return E¢). Assuming serially uncorrelated
returns, the asset’s expected total (non-annudliztdrn over T periods is [1+ E{]'-1. Specifically,
E[T1(1+ rm9] = [1+ E(r)]" since the expected values of each cross-prod (gt ), is zero. Thus all
serially uncorrelated risky assets have multi-pkerpected total non-annualized returns directtee to
their single period expected returns and unrelatabeir volatility. In other words, the single joat
arithmetic mean return of serially uncorrelatecetssorrectly ranks the expected non-annualized tot
return of assets but the geometric mean return doElsecause geometric means depend on volatility.

2 Latane’s (1959) pioneering work on using geometréan return maximization as a portfolio
optimization criterion merely claims that the stigy “falls within the generally accepted rangeatfanal
behavior” and that it is “a useful criterion”. Saeteon (1971) used a gambling analogy to criticiee t
optimization of the geometric mean return as @&ddh for choice amongst risky ventures in his pape
entitled “The ‘Fallacy’ of Maximizing the Geometrdean in Long Sequences of Investing or Gambling”.
As Samuelson (1971) notes: “The novel criteriomafimizing the expected average compound return,
which asymptotically leads to maximizing the geamgenean, is shown to be arbitrary.” A focus on



In summary, the geometric mean return is a contramsformation of wealth ratios. The
expected geometric mean return is a poor indiaztexpected long term growth when growth is
viewed in terms of total non-annualized returnbeathan annualized rates of return. Differences
in volatility cause differences in geometric meaturns but differences in volatility do not cause
differences in expected long term growth. This p@ressential to correcting misconceptions that

arise with the analysis of diversification returrdas the subject of the next section.

Volatility Does Not Diminish Expected Wealth

One of the most widespread misconceptions relatéaet analysis of diversification returns and
geometric mean returns is that return volatiliiiishes expected long term growth in wealth.
For example, it is often incorrectly believed thatasset that has equally likely +10% returns and
-10% returns will have diminished long term growtimpared to an asset with the same
arithmetic mean return but with less volatility.€Tjustification focuses on the idea that making
10% one year and losing 10% the next year (orwérsea) results in a 1% loss. The asset’s
profits when it earns 10%er yearduring consecutive years of gains appears tofisetdfy the
equally likely losses suffered when the asset 16886per yearduring consecutive losses. Thus
the asset appears to lose value in the long runddihe periods of alternating gains and losses,

and it appears that higher volatility hastens theide in expected value.

However, assuming that the asset’s returns arsariatlly correlated, the asset’s expected value
does not decline through time. Each time that #setaexperiences two periods of 10% growth
there is a profit of 21%. Each time the asset é&pees two periods of 10% decline there is a
loss of only 19%. It is often overlooked that peziods of consecutive 10% growth generate
compounded gains of 21% that fully offset the expedosses from the other three equally likely
paths (19%+1%+1%). When viewed in terms of weadthar than compounded rates, it is clear
that the asset’s expected value does not dimiifiisl.return dispersion does not create or destroy
expected wealth or expected growth. The arithrmgan correctly predicts zero expected
growth. While the expected geometric mean retuenvalid indicator of expected compounded
rates it is not an accurate indicator of non-annualimexhsures of the changes in expected

wealth.And it is wealth that people use to purchase goeolscompound rates of return.

geometric mean return may lead to a potentialljulsedeoff between risk and return, but it is an
arbitrary tradeoff.



As an expected compounded rate, an expected geometn creates an illusion that volatility
diminishes expected growth (see Equation 1) becaalsdlity is subtracted from the arithmetic
mean to form the geometric mean return and thézezheometric mean return is associated
with long term growth. But return volatility doestrdiminish (or increase) short term or long
term expected growth. The corrected statementisréturn volatility diminishes expecteates

of growth when the rate of growth is measured esnapounded rateTl he difference is important
because average compound annual rates of growthecdaceptive and it is that deception that
has caused the misinterpretation of diversificatetnrn as being a form of added value to a
portfolio. When expected long term growth in a fid’s value is analyzed properly with total

growth percentages or arithmetic mean returnglltrsgon of diversification return vanishes.

Willenbrock (2011) asserts the opposite by critigizaverage arithmetic returns: “Given the
misleading nature of the arithmetic average retiiigenerally cannot be used by itself to judge
the performance of an asset or portfolio.” The éssucomplex and can be confusing especially
when the analyses alternate between a focus dmeeahean returns and expected returns and
when the term “expected growth” is used interchabbewith “expected annualized growth
rate”. An asset that offers the highest expectidraetic return offers the highest expected long

term non-annualized growth.

To illustrate the deception of expected annualizéels in making decisions regarding expected

long term growth, consider the following example:

Suppose that a bank offers zero coupon insuredicatés of deposit (CDs) that accrue
interest at a competitive rate that is payable atumty in 18 years. Thus a $10,000 CD
offering a yield of 4% would mature in eighteenrgeaith a payoff of approximately
$20,000. Now let’s suppose that the bank decideff¢oits CD owners a gamble. Based
on the flip of a fair coin the bank will go “doubte nothing” on the CD’s yield. Thus the
bank will either add 4% to the original 4% yield take away 4% depending on the
outcome of the flip. Although from an annualize® gerspective the gamble seems even
(4% equals the average of 8% and 0%) from a dallat cents perspective the gamble
very much favors the investor. If the interest ratdoubled to 8% the final payoff is
roughly $40,000. If the interest rate is cut toaztre payoff is $10,000. The expected
payoff of the CD rises from $20,000 to roughly $28,if the gamble is accepted even
though the expected yield is unchanged (i.e., xpeated yield is equal to the original



yield). The point is that expected annualized or compounates of growth can be

misleading indicators of non-annualized expectanhgn amounts®

The distortion caused by expected compounded grmatéls can be further illustrated by
returning to the previously described asset thar®50%/50% chances each period of either
rising by 25% or falling by 20%. As previously dissed, this asset has a one period arithmetic
mean return of +2.5% and a geometric mean retu@3@f Exhibit 2 contains a four period tree
of prices and an analogous four period tree of alwed compounded rates of returns for this
asset assuming a $1 starting value and zero setigth correlation. Underneath the top tree are
the probability weighted averages of each peripdse along with the growth rate
corresponding to that average price through timmelduneath the bottom tree are the probability

weighted averages of each period’s compound groatés

Exhibit 2 demonstrates that volatility does not idiish expected value. The top tree in Exhibit 2
uses dollar values and shows steady annual grovttieiasset’'s expected value equal to 2.5%
compounded each year. The bottom tree uses comeduates of return and shows slowing
growth in averaged annualized rates over the fetiogs. It is a mistake to infer that volatility is
diminishing the asset’s expected growth — it isyatiminishing the mean annualized rates.

Simply put, the growth in dollar value reflects thae and steady growth in the expected value of
the asset through time at its arithmetic mean dvaate of 2.5%. However, the average
compounded rates of return create an illusionafel growth due to volatility. The expected
compounded rates of return start in the first pbeb2.5% but decline after the first year to 0.6%
by the end of the fourth year. In the long rundéRpected compounded growth rate would
approach the asset’'s geometric mean return of Oftbcds on average compounded rates leads to
the misconception that the asset does not offeeapgcted long term growth. But the top tree
containing the possible prices shows the expecatadty. The illusion of reduced growth due to
volatility results from the concavity of expectathaalized rates of return as a function of
expected wealth changes. Just as in the previouex@Mple, average annualized rates are a poor

indicator of expected wealth.

The false interpretation of expected geometric nreturns as indicators of expected long term

total growth is not limited to analyses of diveisation return. The deception caused by a focus

% Note further that any continuously rebalancedfpbiethas an infinitely negative continuously
compounded geometric mean return if any of itstads&ve a probability of becoming worthless.



on expected compound rates is well establisheldeafatlacy of time diversification by
Bodie(1995). Bodie builds on work by Samuelson (997 showing that time diversification in a
serially uncorrelated market is a fallacy thatdsged by a focus on dispersion of compounded
rates rather than on the dispersion of wealth.eNtwt the dispersion of the annual grovettes

in Exhibit 2 diminishes through time. After one iperthe asset’s growth rate (25% or -20%)
differs from its expected value by 22.5% with 10pébability. But after ten periods there would
only be a 1in 1,024 chance that the asset’s aizedagrowth rate would exceed the expected
growth rate by 22.5% and the same probability ithabuld be 22.5% under its expected growth
rate. But remaining in a risky asset for longeliquts of time does not diminish risk; it only

diminishes the volatility of the annualized ratéseturn.

The average compounded growth rates in ExhibitcAreethrough time due to the muting of the
magnitude of very large wealth increases througir thclusion as relatively moderate
compounded rates of return. The potential dollémesin Exhibit 2 clearly indicate that the
asset’s value is becomimgoredispersed through time. Note that the maximumaspbetween
values is $0.45 after one year and over $2 by ideoé the fourth year. But the dispersion in the
potential realized rates of return is diminishimpe concave transformation of large wealth
increases into relatively modest annualized ratestorn diminishes the average of the

annualized rates and gives the false impressidrvitatility reduces expected future wealth.

Diversification Return and Asset Volatility

Advocates of diversification return tend to claimat diversification return emanates from
reduced volatility and that diversification is theurce of the reduced volatility that generates
diversification return. This section demonstrates tiversification is not necessary to generate
diversification return by investigating the two-aeissase of combining a riskless asset and a risky
asset. For simplicity the riskless asset is assumédve a return of 0% and the risky asset
continues to be the previous case of an asseh#éisaa 50%/50% chance of rising by 25% or
falling by 20% each period. Both the riskless asliyrassets have geometric means of 0% and so
the strategic returns of all combinations of the agsets are also equal to 0% and the
diversification return equals the geometric meadhilgit 3 summarizes results for five asset
allocations ranging from 0% in the risky asset@0% in the risky asset. Given that the riskless
asset has an arithmetic mean return of zero, ttieraatic mean return of each portfolio is simply

w times 2.5% wherw is the proportion of the portfolio invested in tligky asset. Similarly, the
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standard deviation of the rebalanced portfoliav iimes the standard deviation of the risky asset
(22.5%).

As would be expected, there is no diversificatiod therefore no diversification return whers
equal to either zero or one since in both casepdh#olio contains only one asset. But the most
interesting result of Exhibit 3 is that diversifia return emerges in the other three cases even
though there is no diversification taking placecsiit is a riskless asset that is being combined
with a risky asset. This result is shown by Qiabil{?) who also notes that the diversification
return becomes negative wheris less than zero (shorting the risky asset) eagr than one
(leveraging the risky asset). The analysis in Exldldlemonstrates that diversification return
does not require that a portfolio offset idiosyicrasks by combining imperfectly correlated
assets. Rather, diversification return results Birfrpm dampening the dispersion in a particular
measure of performance: multi-period compoundeskrat return. The diversification return
available in Exhibit 3 raises serious question®ashether it should be called diversification

return since it does not emanate from diversifosatis defined in the traditional sense.

The diversification return in this case of a twaetgortfolio of one riskless and one risky asset i
due to risk-dampening from rebalancing. As notedrésnholz and Shay (1982), when the risky
asset experiences a positive return (an upticlortgm of the growth is rebalanced from the risky
asset to the riskless asset. When the risky agpetiences a negative return (a downtick) a
portion of the balance in the riskless asset issfiared to the risky asset. This rebalancing lswer
the most extreme outcomes and lowers dispersigthe reduced volatility of rates, not

diversification as traditionally defined, that gesttes diversification return.

But a closer look indicates that the phenomenambigrary. Because this case involves
combining a riskless asset with a risky asset @oaulse both assets have a geometric mean
return equal to zero, the formula for the divecsifion return of the portfolio reduces to a simple
formula for the geometric mean return of the pdiafd Substituting and solving with Equations
1, 2, and 3 witlw as the weight of the risky asset and using thhragtic mean (.025) and

variance (.22% from the example generates Equation 4 for therdification return:

Diversification return = p - (6%2) =.025w— .225w?/2 Equation 4

* Fernholz and Shay (1982) derive the same reldtipr{their equation number 20) in concluding that
rebalancing “produces a constant accrual of rev&nthat would “be absent in a passive portfolio.
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Equation 4 shows that the arithmetic return ofribley asset adds to the diversification return and
the variance of the risky asset lowers the divieadion return. As the portfolio weight of the

risky assety, increases, the diversification return of the pidfincreases linearly due to the
2.5% arithmetic mean of the risky asset. But ineesdnw have a quadratic relationship in
penalizing the diversification return for the vawga of the risky asset. As indicated in Exhibit 3
the diversification return (i.e., the geometric meeturn) rises, reaches a maximum and then

declines as the weight of the risky asset moves #zero to one.

Note that higher values of w always cause highpeeted wealth but that diversification return
reaches a maximum at & o and becomes negative beyond we/ 3% The diversification
return in Equation 4 is nothing more than a mataf#sn of the difference between the arithmetic
mean returns of the two assets and the reductitreigeometric mean caused by the higher
volatility of assigning a higher portfolio weiglt the risky asset. There is no reason to believe
that the magnitude of the diversification returs bay relevant economic meaning.
Diversification return simply reflects the downwdids in a geometric mean return attributable
to the concave relationship between prices and oamgied yields. Diversification return does

not generate higher expected wealth; it only réfl¢lee concavity of the wealth transformation.

Diversification Return, Portfolio Rebalancing and Srial Correlation

The effect of portfolio rebalancing on diversifiiat return is an issue of importance. The effect
of rebalancing on expected portfolio growth depesrishe autocorrelation or serial correlation
of the underlying assets. One substantial poigigoéement amongst commentators on
diversification return is that the active managenpeocess of rebalancing portfolios back
towards some fixed weights is a mean-revertingesjsa Rebalancing generates higher expected
portfolio value when asset prices mean-revert aneéf expected portfolio value when asset
prices trend. The explanation is simple: rebalaeiportfolio to fixed weights involves selling
assets that have experienced superior returnswayiigoassets that have experienced inferior
returns. If the returns are mean-reverting (ixhjl@t negative serial correlation) then rebalagcin

sells prior to relatively poor returns and buyptb relatively high returns.
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Advocates of the benefits of portfolio rebalancinghe context of diversification return do not
require that asset returns be mean-reverting —simegly note that mean-reversion enhances
diversification return. Willenbrock states “...thedamlying source of diversification return is
contained in the rebalancing. Rebalancing a paotfololves selling assets that have appreciated
in relative value and buying assets that have dedlin relative value, as measured by their
weights in the portfolio. This contrarian activignerates incremental returns as the assets

fluctuate in value.”

Exhibit 4 refutes the claim that portfolio rebalaricadds expected growth in wealth when the
underlying assets are serially uncorrelated. Wamdb the case of assets experiencing two
equally likely returns each year: +25% or -20%. Sider an equally-weighted portfolio of two
such assets with zero correlation that begins $itland annually rebalances. Exhibit 4 depicts
the 16 possible states over two periods for bdihyaand-hold strategy and an annually
rebalanced strategy. The results are shown batbliar values and compounded rates of return.
Note that the average terminal value of both sfifateis the same: $1.0506. This expected value

reflects the arithmetic mean growth rate of 2.5%efach asset compounded for two periods.

The average annualized realized rate of returrB8ig4®so for the rebalancing strategy and 1.867%
for the buy-and-hold strategy. In the parlanceieéiification return the “added return” (which

is really just an illusion from averaging ratesjrism rebalancing. Exhibit 4 marks with double
and triple asterisks the four of the sixteen stdtashave different returns for the two strategies
The four states with different returns occur whemdtie assets have different returns in both
time periods. The difference in returns duringftret time period causes the weights to differ
going into the second period. The difference inr#tarns during the second time period causes
the performance of the portfolios to differ. Natat the dollar differences between the strategies
in each of the four states are equal to $0.0508veer, the $0.0506 differences form different
percentages. The rebalanced strategy earns tlegrieotal $0.0506 when its dollar base is
smaller ($1.00) which causes the profit to be +2a50'he buy-and-hold strategy earns the
incremental $0.0506 when its dollar base is hig#i#r1013) which causes the profit to be only
+2.44%. Exhibit 4 demonstrates the equality ofakpected values of rebalancing and buy-and-
hold strategies with serially uncorrelated retuibehibit 4 also demonstrates that the expected
geometric mean returns of the strategies diffetestiuse of higher expected values but rather

from the averaging of rates. Diversification retigmothing more than a mirage in which the
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same dollar benefits appear larger because thegabmalated over different bases and then

averaged.

Exhibit 4 illustrates an important point: an assih a relatively high geometric mean return
cannot be successfully arbitraged against an agea relatively low geometric mean returns if
both assets have the same arithmetic mean refmrexbitrager that is long the rebalanced
portfolio in Exhibit 4 and is short the buy-and-thqortfolio experiences two paths (marked ***)
of $0.0506 profit and two paths (marked **) of $808 losses. There is zero expected profit to an
arbitrager from being long the higher average génoeean strategy (rebalancing) and being

short the lower average geometric mean strategydhd hold).

Exhibit 5 expands the same model used in Exhibi providing time horizons that vary from 1
period to 12 periodgand omitting the listing of the detailed outcojeEhe expected value of
the portfolio for each strategy grows at the sax@dfcompound growth rate of 2.5% per year.
However, the geometric mean returns decline fraarfitist period value of 2.50% when the
geometric mean return equals the arithmetic metanrréowards 0.0% at the infinite time

horizon (recall that the risky assets each haveg term geometric mean returns equal to 0.0%).

Exhibit 5 displays means and volatilities of th@aalized rates of return for both rebalancing and
buy-and-hold strategies. First, note that the watadd strategy has higher expected geometric
means for all time horizons beyond one year. Seauoig that the rebalanced strategy has
smaller dispersion in the realized growth ratesbdancing reduces wealth dispersion. Reduced
wealth dispersion increases geometric mean rethimsever, the expected value of each

portfolio grows at the same compound rate of 2.5%.

Exhibits 4 and 5 explore the roll of rebalancingqhgshypothetical data in which serial correlation
is set to zero. Booth and Fama, Willenbrock, Bouehgl. and Qian demonstrate that portfolio
rebalancing generally resulted in improved georoet@an returns using actual market returns
from various time periods, markets and asset dltmtéevels. Part of these results can be
explained by the illusion of geometric returns, mast is attributable to mean-reversion in the
underlying market data and even in the hypothe&gamples that are used. Consistently higher

risk-adjusted growth in value from portfolio relradang in practice requires mean-reversion.

® The time horizon was not extended beyond 12 yeecause a four path tree with non-recombining nodes
reaches 16,777,216 nodes after only 12 periods.
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Bouchy et al. reported that rebalancing workedafowo stock portfolio (Apple and Starbucks)
over the interval 1994-2011, but they noted thatdinategy underperformed over the first four
years when apparently the returns were trendingveMheless, the reported robustness of the
rebalancing strategy over various studies usingriety of assets and time intervals based on
actual market data is impressive. These empirtadies attest to the effectiveness of rebalancing
in markets such as equities when mean-reversipreisiling, but err in attributing the source of

enhanced value to diversification or diversificatreturn.

Diversification return advocates argue that reb@tancreates diversification return through
maintaining better diversification than is obtaineihg a buy-and-hold strategy. But rebalancing
does not inherently keep a portfolio better diviexdi Whether rebalancing a portfolio towards
original weights increases or decreases diversibicalepends on the definition of diversification
and on the original weights. In most equilibriunpital market theories the most diversified
portfolio is the market portfolio since it containg idiosyncratic risk. Generally, a market
portfolio needs little or no rebalancing throughédibecause the weights naturally remain market
weights (in the absence of differential dividendlgg, share repurchases or new offerings).
Rebalancing a portfolio that began with market-wugsgo maintain fixed weights (fixed at their
original values) would tend to move the portfolisay from the market weights and therefore

cause the portfolio to be less well diversifiedading to most theories of diversification.

It is not clear that a portfolio is made more @sléiversified by rebalancing. Rebalancing
restores the original weights after market foraggedsome weights higher and some lower but
who is to say that the original weights providetéeor worse diversification than the new
weights? If a small company with a very small ara@iweight soars in value, it is reasonable to
believe that the portfolio can be better diversifiy allowing its weight to increase. Similarly,
allowing the very large weight of a large firm &dlfwhen its value has fallen would likely
improve diversification relative to rebalancing.ushrebalancing can improve diversification in

some cases and can increase idiosyncratic risther cases.
A more clear description of the effect of rebalagdss to describe the effect on return as

“rebalancing return” and to note that rebalancigtym should generally be positive when asset

prices are mean-reverting and negative when agsesre trending.
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Summary and Conclusions

The expected compound rate of return is a misutwismeasure of performance because it
focuses on rates and creates an illusion thatilityldpunishes” expected growth (not just

growth rates). Bodie debunked the illusion of tidiersification created by the use of averaged
annual rates. Without serial correlation, it isacléhat holding a risky asset for a longer peribd o
time increases the dollar risk even though it ptesian illusion of reduced risk when the risk is
measured by geometric mean returns. Our criticistdiversification return” follows the same
logic and criticizes the same type of illusory gs&. It is through the distorted lens of geometric
mean analysis that reduced volatility of and bglitsan be interpreted as generating higher

expected portfolio value.

The illusion that diversification return generat@semental expected wealth gains comes from
comparing a portfolio’s realized or expected gesim@bean return to a flawed and meaningless

benchmark — the weighted average of the geometrammof the portfolio’s assets.

The primary conclusions of our analysis are thrieefo

1. Itis true that portfolio rebalancing tendgymerate higher geometric mean returns (i.e.,
diversification return) even when returns are dgriencorrelated. But the higher geometric
mean returns do not cause higher expected portfalices. Expected portfolio values are

governed by arithmetic means, not geometric meawslatility.

2. Portfolio rebalancing tends to increase thesetgul value of a portfolio when asset prices are
mean-reverting. This enhanced growth emanates dmutying a mean-reverting strategy (i.e.,
rebalancing) to prices that are mean-reverting. added expected portfolio value is not

attributable to either reduced volatility or incsed diversification.

3. The higher expected geometric mean of a lowtiiy portfolio cannot be arbitraged against
a high volatility portfolio when both portfolios @ the same arithmetic mean returns and when
prices are Markov. Rebalancing generates arbitvagertunities only when prices are mean-

reverting.
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The divergence of opinion with regard to the efficaf diversification return originates from the
difference between applying a rate-focused viewawdlue-focused view of expected growth. In
other words, the controversy relates to whetheéneastor should be more concerned about
expected long term growth expressed as an expantedhlized rate or expressed as an expected
total percentage change in value. The former isrhitrary’ nonlinear transformation of wealth,

the latter is not.

Consider the following approximation previouslyald:g ~ p- (672).

A rate-based approach views the geometric meamtgtas the best measure of expected long
term growth and views the arithmetic megnas ignoring volatility. A value-based approach
views the arithmetic mean retuin,as the best measure of expected long term gramdtviews

the geometric mean, as being distorted downward by volatility.

Elton and Gruber (1974) carefully refute the optitpaf a rate-based approach to selecting
portfolios and conclude: “portfolio decisions based..the geometric mean of multiperiod
returns are often...inferior to decisions based arsitieration of returns sequentially over
time....even when the distribution of returns is etpd to be identical in each future period”.
Simply put, wealth or sonlear transformation of wealth serves as a better argtifoe a

utility function than a geometric mean.

In the rate-based view of diversification returp,Holding the arithmetic mean constant and
reducing the volatility of realized rates througirtfolio rebalancing, an investor can increase the
geometric mean return of a portfolio and therefrae create added averaged return through
rebalancing. In the value-based view of diverstiaareturn the arithmetic mean governs the

expected value and volatility only plays a meanihgble in the context of risk-aversion.

To ascertain whether a rate-based or value bagedaxgh is better merely requires returning to
the example of the bank offering eighteen-year @&s offer either a guaranteed yield of 4% or

a 50%-50% chance of 0% and 8% yields. The ratecbase sees the equal chances of a 0% and
8% yield as having the same expected realized cdtegturn (i.e., geometric mean return). The
value-based view sees the equal chances of a 0%%aryield as having a much higher expected
value (roughly $25,000) than the certain 4% yi&l20,000). As advocates of the value-based

® The magnitude of the effect is driven by the tibtakes the planet to orbit the sun.
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view we believe this can be arbitraged and wileotb borrow from anyone at a long-term fixed
rate of return of 4% if they will allow us to lemal them at a 50%-50% chance of receiving long

term compounded rates of either 0% or 8%.

The CD example provides a clear analogy and a aleawrer: expected annualized rates are a
deceptive measure of expected long term growth.rateebased approach is flawed and although
diversification return indicates increased expeeteaualized rates of return it does not indicate
increased expected value. However, portfolio refzafg can serve as an effective mean-
reverting strategy. When underlying returns arenvreaerting, rebalancing offers a “free
dessert”. It does so through allocating away freevipusly-high performing assets towards
previously-low performing assets — not through oBifecation or volatility reduction. The

expected gains of rebalancing mean-reverting assets from the expected losses of other

traders who are implementing trending strategiesfrom “turning water into wine”.

"Based on a $10,000 initial principal amount anerayear horizon, this wager would commit us toipgy
off the debt with roughly $20,000 in ten years, ibutould enable us to receive a 50%-50% chance of
receiving $10,000 or roughly $40,000 at the samgetd horizon.
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Exhibit 1 Portfolios of uncorrelated assets with 5%/50% chances of +25% and -20%

returns
Number of Securities

1 4 25 100 0
Arithmetic mean 2.5% 2.5% 2.5% 2.5% 2.5%
Standard deviation 22.50% 11.25% 4.50% 2.25% 0%
Geometric mean 0% 1.87% 2.40% 2.47% 2.50%
Strategic return 0% 0% 0% 0% 0%
Diversification return 0% 1.87% 2.40% 2.47% (0L75)

Exhibit 2 Four Period Trees of Prices, Rates and Téir Means

$2.4414
$1395<
$1.5625< $1.5625
$1.25< $1.25 <
$1.00< $1.00 < $1.00
$0.80< $0.80 <
$0.64 < $0.64
$020k
$0.4096

Means: $1.025 $1.05625 $1.0769 $1.1038
Growth: 2.50% 2.50% 2.50% 2.50%

25.00%
25.00%
25% < 11.80%
25% < 7.72% <
0%< 0% < 0.00%
-20% < 1.17% <
-20% < -10.56%
-20%0<
-20.00%
Mean
Growth: 2.50% 1.25% 0.83% 0.62%

Note: The underlying asset has a 50%-50% chanaer@b% return and a -20% return. Means

are probability weighted based on binomial probitiéd (e.g., end of second period outcomes are
weighted 25%, 50% and 25%).
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Exhibit 3 Portfolio of cash plus a security with a50%/50% chances of +25% and -20%

returns
Weight of Risky Asset

0% 25% 50% 75% 100%
Arithmetic mean 0.00% 0.63% 1.25% 1.88% 2.50%
Standard Deviation 0.00% 5.63% 11.25% 16.88% .5%2
Geometric mean 0.00% 0.47% 0.63% 0.45% 0.00%
Strategic Return 0.00% 0.00% 0.00% 0.00% 0.00%
Diversification Return 0.00% 0.47% 0.63% 0.45% 0.00%

Exhibit 4 Equally-weighted portfolios of two asset after two periods*

Asset Num. Rebalanced Buy and Hold Differences
1 2 Value Rate ValueRate Value Rate
+ + + + $1.5625 25.00% $1.5625 25.00%
+ + + - $1.2813 13.19% $1.2813 13.19%
+ + - + $1.2813 13.19% $1.2813 13.19%
+ + - - $1.0506 2.50% $1.1013 4.94%** $.0506 2.44%
+ - + + $1.2813 13.19% $1.2813 13.19%
+ - + - $1.0000 0.00% $1.0000 0.00%
+ - - + $1.0506 2.50% $1.0000 0.00%***$.0506 2.50%
+ - - - $0.8200 -9.45% $0.8200 -9.45%
-+ + +  $1.2813 13.19% $1.2813 13.19%
-+ + - $1.0506 2.50% $1.0000 0.00%***$.0506 2.50%
-+ - + $1.0000 0.00% $1.0000 0.00%
-+ - - $0.8200 -9.45% $0.8200 -9.45%
- - + + $1.0506 2.50% $1.1013 4.94%** 0506 2.44%
- - + - $0.8200 -9.45% $0.8200 -9.45%
- - - + $0.8200 -9.45% $0.8200 -9.45%
- - - - $0.6400 -20.00% $0.6400 -20.00%
Means: $1.0506 1.874% $1.0506 1.867%

Note: The first four columns denote the returntfar two periods with each pair in chronological
order and with “+” denoting +25% and “-” denotirig)%.

* Each asset with equal probabilities of +25% a2@P4 returns and with no cross-sectional or
serial correlations

** Buy and hold strategy performs better becausetzs'trended”

*** Rebalancing strategy performs better becausets'mean reverted”
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Exhibit 5 Equally-weighted portfolios of two asset for up to 12 periods*

Number of Rebalanced Portfolio Buy and Hold Portfolio
Periods Mean Ret. E(Value) Volatility Mean Ret. E(Value) Volatility

1 2.50% $1.0250 @.18 250% $1.0250 0.184
1.87% $1.0506 10.1 1.87%  $1.0506 0.118

3 1.66% $1.0769 09R 1.64% $1.0769 0.094

4 1.56% $1.1038 ©.08 1.52% $1.1038 0.082

5 1.50% $1.1314 70 1.45%  $1.1314 0.073

6 1.45% $1.1597 &80 1.40%  $1.1597 0.067

7 1.42% $1.1887 €10 1.36% $1.1887 0.062

8 1.40% $1.2184 (Q.05 1.32% $1.2184 0.058

9 1.38% $1.2489 (.05 1.29% $1.2489 0.055

10 1.37% $1.2801 0.051 1.27% $1.2801 0.053
11 1.36% $1.3121 0.048 1.25%  $1.3121 0.050
12 1.35% $1.3499 0.046 1.23%  $1.3499 0.048

*Each asset has equal probabilities of +25% and 20@ns with no cross-sectional or
serial correlations. Mean return is the averagerggoc return, E(Value) is the expected
value of the portfolio from a starting value of &id volatility is the standard deviation of the
realized rates of return.
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