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Email: marc.santugini@hec.ca.

1



1 Introduction

We consider the signaling role of prices in a static monopoly in which a

fraction of buyers are uninformed. The signaling role of prices has previ-

ously been studied in a static noiseless environment (Bagwell and Riordan,

1991; Daughety and Reinganum, 1995, 2005, 2007, 2008a,b; Janssen and Roy,

2010; Mirman and Santugini, 2011). We provide a closed-form solution of

the monopoly problem when the price imperfectly signals quality to the un-

informed buyers, as well as expressions for the effects of noise on output,

price, and information flows. Noise removes the necessity to define out-of-

equilibrium beliefs as shown in Matthews and Mirman (1983) in the context

of a limit pricing model. Judd and Riordan (1994) also studies the behavior

of a noisy monopoly (using normal distributions) in a dynamic context in

which buyers learn from observing the price as well as experience.

2 Model

Consider a market for a homogeneous good of quality θ sold at price p. There

are both informed and uninformed price-taking buyers. The informed buyers

know θ and have demand qdI = θ − p, The uninformed buyers do not know

θ, and have prior beliefs θ̃ ∼ N (μθ, σ
2
θ) , μθ > 0 with the corresponding p.d.f.

ξ(θ). The uninformed buyers extract information about θ from observing the

price, using Bayes’ rule to update beliefs. Let ξ̂(θ|p) be the posterior p.d.f.

of θ̃ given p. Since the only difference between informed and uninformed

buyers concerns information, the demand of the uninformed buyers is qdU =

μ̂θ(p) − p, where μ̂θ(p) =
∫
R
xξ̂(x|p)dx is the posterior mean for average

quality. Normalizing the mass of buyers to one and letting λ ∈ [0, 1] be the

fraction of informed buyers, aggregate demand is

D(p, θ, ξ(x|p), η) = λ(θ − p) + (1− λ)

(∫
R

xξ̂(x|p)dx− p

)
+ η, (1)
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where η is a demand shock and a realization of η̃ ∼ N
(
0, σ2

η

)
, which is

unknown to all buyers.1

The monopolist knows the average quality θ, but faces uncertainty in

demand due to the demand shock η. The monopolist supplies q units of the

good to maximize expected profit

Eη̃P
(
θ, q, η̃, ξ̂(·)

)
q, (2)

where Eη̃ is the expectation operator for the random variable η̃ and P
(
θ, q, η̃, ξ̂(·)

)
is the inverse random demand function.2

3 Equilibrium

Equilibrium consists of the monopolist’s strategy q∗(θ), the distribution of

the price signal φ∗(p|θ), and the uninformed buyers’ posterior beliefs about

the average quality upon observing the price, ξ̂∗(·).

Definition 3.1. The tuple
{
q∗(θ), φ∗(p|θ), ξ̂∗(·)

}
is a noisy signaling equi-

librium if, for all θ,

1. Given ξ̂∗(·),
q∗(θ) = argmax

q≥0
Eη̃P

(
θ, q, η̃, ξ̂∗(·)

)
q. (3)

2. Given q∗(θ) and ξ∗(·),

p̃∗(θ) = P (θ, q∗(θ), η̃, ξ∗(·)) . (4)

is the random price signal with the corresponding p.d.f. φ∗(p|θ).
1An alternative specification yielding (1) is that quality is random, i.e., θ + η̃, where

θ is the average quality (unknown to the uninformed buyers), and η is a shock in quality
that is unknown to all buyers at the time of purchasing the good.

2The same analysis can be performed for a price-setting monopoly, although noise
has to be introduced in the cost, i.e., a cost parameter is known to the monopolist, but
unknown to the buyers, which renders the price a noisy signal of quality.
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3. Given φ∗(p|θ) and prior beliefs, the uninformed buyers’ posterior beliefs

is

ξ∗(θ|p) = ξ(θ)φ∗(p|θ)∫
R
ξ(x)φ∗(p|x)dx, (5)

according to Bayes’ rule.

Proposition 3.2 characterizes the noisy signaling equilibrium.

Proposition 3.2. In equilibrium, the monopolist sells

q∗(θ) =
λθ

2
+

2(1− λ)σ2
ημθ

4σ2
η + λσ2

θ

. (6)

The distribution of the price signal is p̃∗(θ) ∼ N(μp, σ
2
p), where

μp =
4σ2

η + (2− λ)λσ2
θ

4σ2
η + λ2σ2

θ

q∗(θ), (7)

σ2
p =

(
4σ2

η + (2− λ)λσ2
θ

)2
(
4σ2

η + λ2σ2
θ

)2 σ2
η. (8)

The uninformed buyers’ posterior beliefs are θ̃
∣∣∣ p ∼ N(μ̂θ(p), σ̂

2
p), where

μ̂θ(p) =
4σ2

ημθ

4σ2
η + λσ2

θ

+
2λσ2

θp

4σ2
η + (2− λ)λσ2

θ

, (9)

σ̂2
θ =

4σ2
ησ

2
θ

4σ2
η + λ2σ2

θ

. (10)

Proof. Given (9), plugging μ̂θ(p) =
∫
R
xξ̂∗(x|p)dx = a + bp into (1) and

solving for the price as a function of q yields the revised random inverse

demand

P
(
θ, q, η̃, ξ̂∗(·)

)
=
λθ + (1− λ)a+ η̃ − q

1− (1− λ)b
. (11)
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Here,

a =
4σ2

ημθ

4σ2
η + λσ2

θ

, (12)

b =
2λσ2

θ

4σ2
η + (2− λ)λσ2

θ

. (13)

Given (11), the first-order condition corresponding to maxq≥0 Eη̃P
(
θ, q, η̃, ξ̂∗(·)

)
q

is (λθ + (1− λ)a− 2q)/(1− (1− λ)b) = 0, which yields (6).

Plugging (6), (12), and (13) into (11) yields the price signal

p̃∗(θ) =
λθ + (1− λ)a+ η̃ − q∗(θ)

1− (1− λ)b
, (14)

=
4σ2

η + (2− λ)λσ2
θ

4σ2
η + λ2σ2

θ

(q∗(θ) + η̃). (15)

Since η̃ ∼ N(0, σ2
η), the distribution of the price signal is normal with mean

and variance (7) and (8), respectively.

Given the normal distribution of the price with mean and variance (7)

and (8), respectively, and prior beliefs θ̃ ∼ N(μθ, σ
2
θ), the uninformed buyers’

posterior beliefs is θ̃|p ∼ N(μ̂θ(p), σ̂
2
θ), where μ̂θ(p) and σ̂

2
θ are defined by (9)

and (10), respectively.3

3Note that expression (15) can be rewritten as p̃ = λθ/2+(1−λ)a/2+η̃
1−(1−λ)b . Let z̃ ≡ 2(1− (1−

λ)b)p̃/λ− (1− λ)a/λ = θ̃+ 2η/λ, so that z̃| θ̃ ∼ N(θ̃, 4σ2
η/λ

2). Given that θ̃ ∼ N(μθ, σ
2
θ),

the posterior distribution upon observing z = 2(1− (1− λ)b)p/λ− (1− λ)a/λ is

θ̃
∣∣∣ z ∼ N

⎛
⎜⎝

4σ2
η

λ2 μθ + σ2
θ(2(1− (1− λ)b)p/λ− (1− λ)a/λ)

4σ2
η

λ2 + σ2
θ

,
1

1
4σ2

η

λ2

+ 1
σ2
θ

⎞
⎟⎠ . (16)

Equating the posterior mean defined by (16) to a+bp and solving for a and b confirms (12)
and (13).
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4 The Effect of Noise

We next study the effect of noise on information flows by comparing the noisy

and noiseless outcomes. Let

ψq = q∗(θ)|σ2
η>0 − q∗(θ)|σ2

η=0 , (17)

ψμp = μp|σ2
η>0 − μp|σ2

η=0 , (18)

ψσ2
p
= σ2

p

∣∣
σ2
η>0

− σ2
p

∣∣
σ2
η=0

, (19)

ψμ̂∗
θ
=

∫
R

μ̂θ(p)φ
∗(p)dp

∣∣∣∣
σ2
η>0

−
∫
R

μ̂θ(p)φ
∗(p)dp

∣∣∣∣
σ2
η=0

, (20)

ψσ̂2
θ
= σ̂2

θ

∣∣
σ2
η>0

− σ̂2
θ

∣∣
σ2
η=0

(21)

be the effects of noise on output, the mean and variance of the equilibrium

price, and the posterior mean and variance of quality (evaluated at the equi-

librium mean price), respectively.

Proposition 4.1 provides the effects of noise on output and the price dis-

tribution. The effect of noise is to unambiguously increase output. However,

noise may increase or decrease the mean price depending on the bias of the

prior relative to the true quality. In particular, if the prior mean is much

greater than the true quality, then noise increases the mean price. But, if

prior beliefs are unbiased, i.e., μθ = θ, then the mean price decreases with

noise.

Proposition 4.1. From Proposition 3.2, and using (17), (18), and (19),

ψq =
2(1− λ)σ2

ημθ

4σ2
η + λσ2

θ

> 0. (22)

Moreover,

ψμp =
4σ2

η + (2− λ)λσ2
θ

4σ2
η + λ2σ2

θ

(
λθ

2
+

2(1− λ)σ2
ημθ

4σ2
η + λσ2

θ

)
− (2− λ)θ

2
> 0, (23)
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if and only if μθ >
2σ2

η+λσ2
θ/2

σ2
η+(2−λ)λσ2

θ/4
θ > θ, and

ψσ2
p
=

(
4σ2

η + (2− λ)λσ2
θ

)2
(
4σ2

η + λ2σ2
θ

)2
σ2
η

> 0. (24)

Proposition 4.2 states the effect of noise on posterior beliefs. The posterior

mean evaluated at the equilibrium mean price may increase or decrease with

noise depending on the bias of the prior mean. For instance, if prior beliefs

are biased upward, i.e., μθ > θ, then posterior beliefs remain biased upward,

although the bias is reduced. The reduction in the bias depends on the

composition of buyers, the variance of the demand shock, and the variance

of the prior beliefs.

Proposition 4.2. From Proposition 3.2, and using (20) and (21),

ψμ̂∗
θ
=

4σ2
η(μθ − θ)

4σ2
η + λ2σ2

θ

> 0, (25)

if and only if μθ > θ. Moreover,

ψσ̂2
θ
=

4σ2
ησ

2
θ

4σ2
η + λ2σ2

θ

> 0. (26)
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