Volatility Occupation Times*

Jia Lif and Viktor Todorov * and George Tauchen?

August 6, 2012

Abstract

We propose a nonparametric estimator of the occupation measure of the diffusion coefficient
(stochastic volatility) of a discretely observed Ito semimrtingale on a fixed interval when the
mesh of the observation grid shrinks to zero asymptotically. In a first step we recover the Laplace
transform of the volatility occupation measure from the discrete observations of the process and
then in a second step we invert the Laplace transform via a regularized kernel to estimate the
(stochastic) volatility occupation measure. We derive the order of magnitude of the estimation
error locally uniformly in space and we use the result to estimate nonparametrically the quan-
tiles associated with the volatility occupation measure.

Keywords: Occupation time, Laplace transform, stochastic volatility, ill-posed problems, reg-
ularization, quantiles, nonparametric estimation, high-frequency data, stable convergence.

*We would like to thank Tim Bollerslev, Nathalie Eisenbaum, Jean Jacod, Andrew Patton and Philip Protter for
helpful discussions. Todorov’s work was partially supported by NSF grant SES-0957330.

tDepartment of Economics, Duke University, Durham, NC 27708; e-mail: jl410@duke.edu.

fDepartment of Finance, Kellogg School of Management, Northwestern University, Evanston, IL 60208; e-mail:
v-todorov@northwestern.edu.

$Department of Economics, Duke University, Durham, NC 27708; e-mail: george.tauchen@duke.edu.



1 Introduction

Continuous-time It6 semimartingales are used widely to model stochastic processes in various areas

such as finance. The general It6 semimartingale process is given by

t ¢
Xy =Xo+ / agds + / osdWs + Jy, (1)
0 0

where oy and oy are processes with cadlag paths, W; is a Brownian motion and J; is a jump process;
formal conditions are given in the next section. Inference for the model in (1) in the general case
(either in a parametric or nonparametric context) is quite complicated because of the many “layers
of latency”, e.g., as typical in financial applications, o; and J; can have randomness not captured
by X;.

When X is sampled discretely but with mesh of the observation grid shrinking to zero, i.e., high-
frequency data on X are available, then the pathwise differences in the behavior of the different
components in (1) can be used to nonparametrically separate them. Indeed, various techniques
have been already proposed to estimate nonparametrically the integrated variance, fOT o2ds over
a specific interval [0, T, see e.g., Barndorff-Nielsen and Shephard (2006) and Mancini (2009), and
more generally integrated variance measures of the form fOT g(c?)ds, where g(-) is a continuous
function with polynomial growth (and there are much more smoothness requirements on g(-) needed
to determine the rate of convergence); see Theorems 3.4.1 and 9.4.1 in Jacod and Protter (2012).

This paper extends the existing literature on high-frequency nonparametric volatility estimation
by developing and applying a nonparametric jump-robust estimate of the occupation time of the

latent variance process (V;)i>0 = (07)i>0 where the variance occupation time is defined by
t
Ft(ZL‘) :/ 1{Vs§x}d87 Ve >0, te€ [O,T] . (2)
0

Evidently, the right-hand side of (2) is of the form fot 9(Vs)ds with g(u) = 1g,<y), which unlike
earlier work is a discontinuous function.

If F; (+) is absolutely continuous with respect to the Lebesgue measure, its derivative f; (+), i.e.
the volatility occupation density, is well defined. By the Lebesgue differentiation theorem, the
occupation density can be equivalently defined as

() :13%1216 (Fi(z+€) — Fi(z — ). (3)

The occupation time of the volatility process “summarizes” in a convenient way information

regarding the volatility behavior over the given interval of time. Indeed, for any bounded (or



non-negative) Borel function ¢(-), see e.g., Theorem 6.4 of Geman and Horowitz (1980), we have
t
[ ovads = [ gz = [ gw)ani) (1)
0 Ry Ry
Thus, the occupation time can be considered as the pathwise analogue of the cumulative distribu-
tion function. We can further invert the volatility occupation time and compute estimates of the
quantiles of the trajectory of volatility process over the interval of time.

Our interest in occupation times stems from the fact that they are natural measures of risk, par-
ticularly in nonstationary settings where invariant distributions do not exist, see e.g., the discussion
in Bandi and Phillips (2003). Indeed, there has been a significant interest (both theoretically and in
practice) in pricing options based on the occupation times of an underlying asset, see e.g., Dassios
(1995) and Yor (1995) and references therein. Here, we show how to measure nonparametrically
occupation times associated with the volatility risk of the price process.

The nonparametric estimation can be summarized as follows. First, we aggregate the high-
frequency data on a fixed time interval into the realized Laplace transform, a function that provides
a consistent (and asymptotically mixture normal) estimate of the empirical Laplace transform of
the spot variance over the given interval. This statistic effectively deconvolutes the hidden volatility
process from the Gaussian noise (the Brownian motion W; in (1)) as well as the drift and jump
components oy and J;. On a second step we use a regularized kernel to invert the realized Laplace
transform, which in turn yields a nonparametric estimate of the volatility occupation time. As
a by-product, we can compute estimates of the corresponding quantiles of the actual path of the
volatility process over the fixed time interval.

The statistical estimation problem here differs significantly from the usual problem of integrated
volatility estimation considered thus far in the literature, see e.g., Jacod and Protter (2012) and
references therein. Firstly, for volatility occupation time estimation, unlike previous work, the
function of volatility g(-) in (4) is discontinuous. As a result, we show that the precision of recovering
the volatility occupation time depends on the smoothness of the volatility trajectories, which in
turn depends on the type of volatility model, e.g., presence or not of volatility jumps as well as
their activity. More generally, our analysis shows, constructively, that all spatial information about
the volatility trajectory can be recovered nonparametrically from high-frequency observations.

We can further compare our analysis here with Todorov and Tauchen (2012a), where somewhat
analogous steps are followed to estimate the invariant distribution of the volatility process, but
there are fundamental differences between the current paper and Todorov and Tauchen (2012a).
In the current paper, unlike Todorov and Tauchen (2012a), the time span of the data is fixed

and hence we are interested in pathwise properties of the latent volatility process over the fixed



time interval. Thus, we do not need and we do not impose here requirements on the existence
of invariant distribution of the volatility process as well as mixing type conditions. In fact, the
volatility process in our setup can be nonstationary. Second, and quite importantly, the object of
interest here is a random quantity, mainly the occupation measure of the volatility process, and
hence the regularization error is stochastic and not deterministic as is the case when we estimate
the invariant density of the volatility.

Finally, our inference for the volatility occupation time can be compared with the estimation of
occupation times (and densities) of recurrent Markov diffusion processes from discrete observations
of the process, see e.g., Florens-Zmirou (1993) and Bandi and Phillips (2003). The main difference
is that here the state vector, and therefore the stochastic volatility, is not fully observed. Hence
we need to apply a very different estimation strategy that entails recovery of the empirical Laplace
transform of volatility and its inverse, while the above-mentioned papers make use of standard
nonparametric kernel-based estimators.

In the empirical application to financial data sets we document an interesting pattern: the
interquartile range of log variance is unrelated to the level of the variance, unlike the interquantile
ranges of other transforms of the variance (like the identity and the square root). This finding is
consistent with volatility models in which the log-variance process has homoscedastic innovations.
More generally, our estimates of the volatility occupation times provide an important tool for
analyzing characteristics of the actual latent stochastic volatility process over a given interval of
time.

The paper is organized as follows. In Section 2 we introduce the formal setup and state our
assumptions. In Section 3 we develop our estimator of the volatility occupation measure, derive its
asymptotic properties, and use it to estimate the associated volatility quantiles. Section 4 reports
results from a Monte Carlo study of our estimation technique. In Section 5 we use our estimator
to study the volatility behavior of two financial data sets: Euro/$ exchange rate futures and S&P

500 index futures. Section 6 concludes. Section 7 contains all proofs.

2 Setup
2.1 The Underlying Process

We start with introducing the formal setup. The process X in (1) is defined on a filtered probability
space (Q, F, (Ft)t>0, P) with oy and o, being adapted to the filtration. Further, the jump component



Jy is defined as

Jt:/o /]R(5(sz) Lss,mi<y) (14— v) (ds,dz)+/0 /R(é(s,z) seo1y) 1 (ds, dz),  (5)

where 4 is a Poisson measure on Ry x R with compensator v of the form v (dt,dz) = dt ® A (dz)
for some o-finite measure A on R and § : 2 x Ry X R — R is a predictable function. Regularity

conditions on X; are collected below.

Assumption A. For some constant r € (0,2) and C' > 0, we have

Al. X is an It6 semimartingale given by (1) and (5), and |0 (w,t,2)| A1 < T'y, (2) for all
(w,t,2) with t < T, where (T}),,> is a localizing sequence of stopping times and each I'y, is a
nonnegative function on R satisfying [Ty, (2)" A (dz) < oo.

A2. We have V; > 0 for all t € [0,7] a.s. and both V; and V;~! are locally bounded.

A3. The process oy is also an It6 semimartingale with the form

¢ ¢ ¢ ¢
o = 09 +/ asds —I—/ vsdWy —I—/ VL dW! +/ / 8 (s,2) i (ds,dz),
0 0 0 0o Jr

where W’ is a Brownian motion orthogonal to W, u’ is a Poisson measure with compensator
V' (dt,dz) = dt @ N (dz) for some o-finite measure N on R, i/ =p/ — v and § : @ x Ry x R — R

is a predictable function. We have for every t,
- 2 2
E (’at‘g + ‘Oét’2 + ’Ut|2 + |vt\2 + |v£| —|—/ ‘5’ (t,z)‘ N (dz)) < C.
R
A4. For every t and s,

E <|at — a)? + vy —vsP + |vg — v;‘Q +/ (6" (t,2) =& (s,z))Q)\' (dz)> <Clt—s|.
R

Assumptions A1-A3 impose very mild regularities on the process X and are standard in the
literature on discretized processes; see Jacod and Protter (2012) (Assumption A2 can be also
further relaxed). Assumption A4 imposes some additional smoothness on the coefficients; but
this assumption is also mild. Importantly, Assumption A imposes no parametric structure on the
underlying process, allowing for jumps in X; and oy, and dependence between various components
in an arbitrary manner. The constant r occurring in A1 describes the concentration of small jumps;
the smaller 7, the stronger the assumption. Most results in this paper hold as soon as r < 2, except

for Theorem 1, which requires a stronger assumption with r < 1.



2.2  Occupation Times

We next collect some assumptions on the volatility occupation time and its occupation density.

Assumption B. Let (7),),,>; be a localizing sequence of stopping times and v € [0,1] be a
constant.

B1. Almost surely, the function x +— F;(z) is differentiable with derivative f; (x) for all
te[0,7T].

B2. For any compact K C (0,00), sup,ex E [fraT,, (z)] < 0.

B3. For any compact K C (0, 00), there exist constants (Cp,),,~; such that for all z,y € K, we
have E [sup;<r | fint,, (¥) = fint,, ()] < C |z —y|".

Assumption Bl imposes the existence of the occupation density of V;. Assumption B2 imposes
some mild integrability on the occupation density and is satisfied as soon as the probability den-
sity of V; is uniformly bounded in the spatial variable and over ¢ € [0,7] (which is the case for
typical volatility models). Assumption B3 imposes Holder continuity for the occupation density in
expectation. Assumption B3 is implied by Assumption B2 if we take v = 0; taking v > 0 slightly
improves the results in Theorem 2 below. Results on the existence and the continuity of occupation
density can be studied using various methods, see e.g., Geman and Horowitz (1980), Protter (2004),
Marcus and Rosen (2006) and Eisenbaum and Kaspi (2007) and the many references therein.

We sometimes need to strengthen Assumptions B2 and B3 as follows.

Assumption C. Let (Tm)le be a localizing sequence of stopping times and ¥ > ¢ > 0 be
constants. We have Assumption B1, as well as the following.

C1. For any compact K C (0,00), sup,ex E [fT,\Tm (:U)HE] < 0.

C2. For any compact K C (0, 00), there exist constants (C'm)m21 such that for all z,y € K, we
have E [supyer |fint,, (2) = fnts, W)]'7%] < Cunlw = /7.

By Jensen’s inequality, Assumption C is stronger than Assumption B. Below, we provide some
primitive conditions for Assumption C that are easy to verify and cover many volatility models
used in financial applications (although this set of conditions is far from exhaustive).

Remark. We note that Assumptions B3 and C2 involve expectations and for establishing pathwise
Hélder continuity in the spatial argument of the occupation density (via Kolmogorov’s continuity
theorem or some metric entropy condition, see e.g., Ledoux and Talagrand (1991)), one typically

needs a stronger condition than those in B3 and C2.



2.3 Some primitive conditions for Assumption C

We consider the following general class of jump-diffusion volatility models:
dVi = audt + s (V}/) dB; + dJ\/;t, (6)

where a; is a locally bounded predictable process, B; is a standard Brownian motion, s () is a
deterministic function and Jy; is a pure jump process. This example includes many volatility
models encountered in applications.

It is helpful to consider the Lamperti transform of V;. More precisely, we set V; = g (V), where
g () is any primitive of the function 1/s(-), i.e., g (z) = [* du/s (u) and the constant of integration
is irrelevant. By Ito’s formula, the continuous martingale part of V, is B;. Lemma 1(a) below shows
that under some regularity conditions, the transformed process V; satisfies Assumption C. To prove
Lemma 1(a) we compute the occupation density of 17,5 explicitly in terms of stochastic integrals
via the Meyer-Tanaka formula (this is possible because the continuous martingale part of ‘7} is a
Brownian motion) and we then bound the corresponding spatial increments. Then Lemma 1(b)
shows that V; inherits the same property, i.e., satisfies Assumption C, provided the transformation

g (+) is smooth enough.

Lemma 1 (a) Let k > 1. Consider a process V, with the following form

t t
V}:VO—F/ dst—l-Bt—l-/ /6(8,2),u(ds,dz) (7)
0 0 JR -

where a; is a locally bounded predictable process, B; is a Brownian motion, 5() is a predictable
function. Suppose that for some constant C > 0,
(i) ‘5 (w,t, z)‘ < T (2) for all (w,t,2) with t < Sp,, where (Sy),,, is a localizing sequence of

stopping times and each fm i a nonnegative deterministic function satisfying

/R (Fm (Z)ﬁ + T (z)k) A (dz) < oo, for some [ € (0,1).

(ii) The probability density function of V; is bounded on compact subsets of R uniformly in
te[0,T].

(iii) The process V; is locally bounded.

Then the occupation density of f/}, denoted by ft (+), exists. Moreover, for any compact K c R,

there exist a localizing sequence of stopping times (Tp,),,~1, such that for any x,y € K, we have

- - _ k
E [fTATm (:L’)k:| <K and E [SuPth/\Tm ‘ft () — fi (y)} ] < Klz— y|(1_’8)k/\(1/2) for some K > 0.



(b) Suppose, in addition, that \7; = g (Vi) for some continuously differentiable strictly increasing
function g : Ry — R. Also suppose that for some 7 € (0,1] and any compact K C (0,00), there
exists some constant C > 0, such that |¢’ (z) — ¢’ (y)| < Clz —y|? for all z,y € K. Then V,

satisfies Assumption C.

3 Estimating Volatility Occupation Times

We proceed next with our estimation results. We suppose that the process X; is observed at discrete
times iA,, i = 0,1,..., on [0,7] for fixed T" > 0, with the time lag A,, — 0 asymptotically when
n — oo. Our strategy for estimating the occupation time Frp (-) is to first estimate its Laplace
transform and then to invert the latter.

We define the empirical volatility Laplace transform over the interval [0, 7] as

T
Lp(u) = / e"Wads = / e fr(x)dx, u>0,
0 Ry

where the second equality above follows from the occupation density formula given in (4). Then,

by Fubini’s theorem, the Laplace transform of the volatility occupation time is given by

'CT(U):/]R e “Fp(x)d.

U
Following Todorov and Tauchen (2012b), we estimate the empirical volatility Laplace transform

L7(u) using the realized Laplace transform of volatility defined as
(T/An]
ETn =A, Z cos (\/ 2uA"X/A1/2> , ueR,L. (8)

Todorov and Tauchen (2012b) show that EAT,L() RN L7(-) under the locally uniform topology on
R with an associated CLT. Consequently, u_lfT,n(u) N u Ly (u) for each u € (0,00). This
result however does not suffice for our purposes as we need the Laplace transform on the whole R .
Therefore, in Theorems 1 and 3 below we derive the limiting behavior of ETn(u) as an element
in £1(Ry,w) for w: Ry — Ry being some weight function (which in the case of Theorem 3 can
depend on n).

Once the Laplace transform of the volatility occupation time is recovered from the data, in the
next step we need to invert it in order to estimate Fp(x). Inverting a Laplace transform, however,
is an ill-posed problem and hence requires a regularization (Tikhonov and Arsenin (1977)). Here,
we adopt an approach proposed by Kryzhniy (2003a,b) and implement the following regularized
inversion of u™!Lr(u):

Frr(z / Lr(uw)II(R, ux) du x>0, (9)



where R > 0 is a regularization parameter and the inversion kernel II (R, z) is defined as

(smh (TR/2) / /s cos (R1n (s)) sin (zs) ds

11
(R,2) s24+1

Vssin (Rln (s))
s2+1

4
V2m?
+ cosh (TR/2) /

sin (zs) ds) .

Our estimator for the occupation time Fr (z) is constructed by simply replacing Lr(u) in Fr g(x)

with ETm(u), i.e., it is given by
du .
FTnR / LTn II(R, ux) / £Tn (R, ze*)dz, x> 0. (10)

Todorov and Tauchen (2012a) use a similar strategy to estimate the invariant probability density
of the spot volatility process (which also implies that in the above mentioned work, unlike here,
T — oo). However, the problem here is more complicated, since the estimand Frp (-) itself is a
random function, which in particular renders the regularization error random, whereas in Todorov
and Tauchen (2012a) and Kryzhniy (2003a,b), the object of interest is deterministic.

We now discuss the asymptotic properties of ﬁT,m r(x) when A, — 0. We first consider the
case with the regularization parameter R fixed. In this case, a central limit theorem for F\T,n, r(z)
is available for fixed x > 0. As a matter of fact, it is not much harder to prove a more general

result which has interest of its own. The notation == indicates stable convergence in law.

Theorem 1 Suppose that Assumption A holds with some r € (0,1]. Let w : Ry — R be a Borel
function such that [ (uV 1) |w (u)|du < co. Then

(a)
A,;l/?/o (ZT,n(u)ch(u)) du—>/ ¢ (u (11)

where (€ (u)),er, i defined on an extension of the probability space (Q, F,P) and, condition-

ally on F, is a centered Gaussian process with covariance function
I 2y, v, V.
Y1 (u,v) = 2/ (ef(‘/aﬁﬁ) s e (Vamvi) Ve gp—(utv) S) ds, wu,veRy. (12)
0

(b) The variance of the limit variable in (11) is given by

VAR = /000 /OOO Y7 (u,v) w (u) w (v) dudv, (13)

and a consistent estimator for it is constructed from
VAR, = / / Ern (u,v) w (u) w(v) dudv, (14)
o Jo

9



where, with hy ., () = cos(vV2ux) cos(v2vx) — cos(y/2 (u +v)z), z € R, we set

(T/An]
St (0,0) = Ap > hup(AFX/AN?). (15)
i=1

Theorem 1(a) shows the stable convergence in law of a linear functional of the normalized
empirical volatility Laplace transform. With R > 0 and = > 0 fixed, we set w (u) = II (R, zu) /u
and verify that [ (uV 1) |w (u)|du < oo by using Lemma 2 in Section 7. Then (11) implies that
A2 (ﬁT7n7R(x) - FT7R(x)> converges stably in law to [ & (u) w (u) du, which conditionally on
F, is centered Gaussian with variance V ARyp; the asymptotic variance can be consistently estimated
by V/A\RTm as shown in part (b) of the theorem.

We caution that the asymptotic distribution of ﬁTm’ r(z) described in the previous paragraph
is centered at the regularized version of the occupation time instead of the occupation time itself.
Therefore, this result can not be applied to make inference for the occupation time. This said, the
result provides a feasible quantification of the sampling variability of the estimator.

We now turn to the estimation of Fp (x). It is conceptually useful to decompose the estimation
error ﬁT,m r(z) — Fr(x) into two components: the regularization error Fr r(z) — Fr (z) and the
sampling error F\T,n, r(z) — Frr(z). Theorems 2 and 3 below characterize the order of magnitude

of each component when R — oo asymptotically.

Theorem 2 Let x > 0 be a constant. Suppose that the processes Vi and V;l are locally bounded.

Under Assumption B, as R — oo,
Prr(z)—Fr(z) =0, (R"'+ R 7In(R)).

Theorem 3 Let n € (0,1/2) be a constant and K C (0,00) be compact. Suppose that as n — oo,
A, — 0 and R, — oo. Under Assumptions A1-AS3,

sup | Prr, (2) = Pr.g, ()
zekl

R, -
= Op <exp <7T2 ) <R7(17‘/\1)/2A£lr/\1)(1/7‘ 1/2) + R, 1n (Rn) A}/Q + R%Agﬂ)/?)) .

Theorem 2 describes the order of magnitude of the regularization error. In the absence of
Assumption B3 (i.e. v = 0), the regularization error is O,(R~1In (R)); when v > 0, the rate can be
improved to O, (Ril). Theorem 3 describes the order of magnitude of the sampling error uniformly
over x € K, where the set K is assumed bounded both above and away from zero. The parameter

71 should be set close to 1/2 in order to produce better estimates.

10



Combining Theorems 2 and 3 and choosing the regularization parameter properly, we arrive at

the following estimate for the order of magnitude of the estimation error.

Corollary 1 Suppose that Assumptions A1-A8 and B hold. We set R, = dln (A;l) for some
6 € (0,26/m), where 6 = min{(r A1) (1/r —1/2),1/2}. Then for each z > 0,

Froag, () — Fr(z) = 0, (R + Ry In(Ry)) -

Corollary 1 suggests that the rate of convergence of ﬁT,m R, () towards Fp (x) is essentially
In (A,'). This result is in sharp contrast with the fixed-R case (Theorem 1), where the rate of
convergence of ﬁTm, r(x)—Frr(z)is Ap /2 The reason for the relatively slow rate of convergence
is the regularization error. It, in turn, depends on the smoothness of the estimand, i.e., the volatility
occupation time. As we saw in Lemma 1, the occupation density is typically Holder (in expectation)
of order up to 1/2 and this is determined by the presence of the martingale component in it. The
relatively low level of smoothness of the estimand requires substantial smoothing in the inversion, by
picking R relatively low, and this results in the somewhat slow rate of convergence of our estimator.
By contrast, when the estimand is smoother, e.g., when estimating the invariant volatility density,
one needs “less” regularization and this leads to faster rate of convergence.

Corollary 1 suggests that ﬁTm, R, (z) consistently estimates F7 (x). The convergence can be

further strengthened to be uniform in x, as shown below.

Theorem 4 Suppose the same conditions in Corollary 1 and Assumption C. Then for any compact
K C (0,00),

= P
sup | Fro.n, () — Fr (x)‘ .o
zeC

Remark. A trivial consequence of Theorem 4 is the following

R T
g(400)T — / 3 (@) Prop, (2)de - /O o(Va)ds,

Ry

where g(-) is C1 function with ¢'(x) = 0 for x near zero or sufficiently large.

Next, we provide a refinement to the functional estimator ﬁTyn, R, (+). While the occupation time
x +— Fp(x) is a pathwise increasing function by design, the proposed estimator ﬁTm’ R, (+) is not
guaranteed to be monotone. We propose a monotonization of ﬁTm’ R, (+) via rearrangement, and
as a by-product, consistent estimators of the quantiles of the occupation time. To be precise, for

7 € (0,T), we define the T-quantile of the occupation time as its pathwise left-continuous inverse:
Qr (r)=inf{z € Ry : Fr(x) > 71}.

11



For any compact K C (0,00), we define the K-constrained 7-quantile of Fr (-) as
QN (r)=inf{z e K: Fr(z)>7},

where the infimum over an empty set is given by sup K. While Q7 (7) is of natural interest, we
are only able to consistently estimate Q% (7), although K C (0,00) can be arbitrarily large. This
is due to the technical reason that the uniform convergence in Theorem 4 is only available over a
nonrandom index set K, which is bounded above and away from zero, but every quantile Qp (7)
is itself a random variable and thus may take values outside K on some sample paths. Such a
complication would not exist if Frp (-), and hence Q7 (7), were deterministic—the standard case in
econometrics and statistics. Of course, if the process V; is known a priori to take values in some set
K C (0,00), then Q7 (-) and Q% (-) coincide. In practice, the “C-constraint” is typically unbinding
as long as we do not attempt to estimate extreme (pathwise) quantiles of the process V;.

We propose an estimator for Q% () and a K-constrained monotonized version ﬁ%cn R, (*) of the
occupation time as follows:

N sup K N
@, (1) = ks [ 1 P, ) <7}y TeOT),
inf IC

Frop, @) = inf{r€(07):Qf, 5, (1) >}, zeR,

where on the second line, the infimum over an empty set is given by 7. By construction, @?n R,
(0,7) — K is increasing and left continuous and ﬁ:’pcn g, - R+ [0,7T] is increasing and right
continuous. Moreover, @%n,Rn is the quantile function of ﬁ%nﬂn, ie., for T € (0,7), Q\%n,Rn (1) =
inf {x : ﬁmen (x) > T}. The asymptotic properties of ﬁ:’gn’Rn (-) and @%n,Rn (1) are given in

Theorem 5 below.

Theorem 5 Let K C (0,00) be compact. If sup,cx ‘ﬁT,n,Rn (x) — Fr (:1:)‘ 2, 0, then we have the
following.

(a)

= P
sup FQLC%R" (x) — Fr (x)‘ — 0.
xek

(b) For every 7" € {T € (0,T) : Qr (-) is continuous at T almost surely},
A x P *
g, (T7) — QF (7).

We note that the monotonization procedure here is similar to that in Chernozhukov et al. (2010),

which in turn has a deep root in functional analysis (Hardy et al. (1952)). Our results are distinct

12



from those of Chernozhukov et al. (2010) in two aspects. First, the estimand considered here, i.e.
the occupation time, is a random function. Second, as we are interested in the convergence in
probability, we only need to assume that sup,cx ﬁT,n, R, () — Fr (x) .o and, of course, our

argument does not rely on the functional delta method.

4 Monte Carlo

We test the performance of our nonparametric procedures on two popular stochastic volatility
models (both of which satisfy Lemma 1 and hence Assumption C). The first is the square-root

diffusion volatility model, given by
dX, = /VidW,, dV, = 0.03(1.0 — V;)dt + 0.21/V,dB;, (16)

Wy and By are two independent Brownian motions. Our second model is a jump-diffusion volatility

model in which the log-volatility is a Lévy-driven Ornstein-Uhlenbeck (OU) process, i.e.,
dX, =" 1 dW,, dV, = —0.03V,dt + dLy, (17)

where L; is a Lévy martingale uniquely defined by the marginal law of V; which in turn has a self-
decomposable distribution (see Theorem 17.4 of Sato (1999)) with characteristic triplet (Definition
8.2 of Sato (1999)) of (0, 1,v) for v(dzx) = %wa}daﬁ with respect to the identity truncation
function. The mean and persistence of both volatility specifications are calibrated realistically to
observed financial data and the two models differ in the presence of volatility jumps as well as in
the modeling of the volatility of volatility: for model (16), the transformation /V; is with constant
diffusion coefficient while for (17) this is the case for the transformation log V;.

In the Monte Carlo we fix the time span to T' = 22 days (our unit of time is a day), equivalent
to one calendar month, and we consider n = 80 and n = 400, which correspond to 5-minute
and l-minute, respectively, of intraday observations of X in a 6.5-hour trading day. We set the
regularization parameter to R, = 3.0 for n = 80 and we increase it to R, = 3.5 when n = 400.
For each realization we compute the 25-th, 50-th and 75-th volatility qunatiles over the interval
[0,T]. The results from the Monte Carlo are summarized in Table 1. Overall, the performance of
our volatility quantile estimator is satisfactory. The highest bias arises for the square-root diffusion
volatility model when volatility was started from a high value (the 75-th quantile of its invariant
distribution). Intuitively, in this case volatility drifts towards its unconditional mean and this
results in its larger variation over [0,7"], which in turn is more difficult to accurately disentangle

from the Gaussian noise in the price process, i.e., the Brownian motion W; in X;. Consistent with

13



our asymptotic results, the biases and the mean absolute deviation of all volatility quantiles and

in all considered scenarios shrink as we increase the sampling frequency from n = 80 to n = 400.

5 Empirical Application

We illustrate the nonparametric quantile reconstruction technique with empirical application to
two data sets: Euro/$ exchange rate futures (for the period 01/01/1999-12/31/2010) and S&P 500
index futures (for the period 04/22/1982-12/30/2010). Both series are sampled every 5 minutes
during the trading hours. The time spans of the two data sets differ because of data availability
but both data sets include some of the most quiescent and also the most volatile periods in modern
financial history. These data sets thereby present a serious challenge for our method.

In the calculations of the volatility quantiles we use a time span of 7' = 1 month and as in
the Monte Carlo we fix the regularization parameter at R, = 3. Figure 1 shows the results for
the Euro/$ rate and Figure 2 those for the S&P 500 index. The left panels show the time series
of the 25-th and 75-th monthly quantiles of the spot variance V;, the spot volatility +/V; and the
logarithm of the spot variance log(V;). The estimated quantiles appear to track quite sensibly the
behavior of volatility during times of either economic moderation or distress. The right panels show
the associated interquartile range (IQR) versus the median of the logarithm of the spot variance;
we use the IQR to measure the dispersion of the (transformed) volatility process. The aim of the
plots is to discover how the dispersion of volatility relates to the level volatility. We see that for
both data sets, the IQRs of the spot variance and the spot volatility exhibit a clear positive convex
relationship with the median log-variance. In contrast, the IQR of the log-variance process shows no
such pattern, suggesting that the log volatility process has homoscedastic, or at least independent
from the level of volatility, innovations.

To guide intuition about our empirical findings, suppose we have f(V;) = f(Vp) + L, on [0,T],
for Ly a Lévy process and f(-) some monotone function (this is approximately true for the typical
volatility models like the ones in the Monte Carlo when T is relatively short and the volatility is
very persistent as in the data). In this case, the interquartile range of the volatility occupation
time of f(V;) on [0,7] will be independent of the level V5. On the other hand, for other functions
h(V;), and in particular h(V;) = V;, the dispersion will depend in general on the level V. The
IQR of the volatility occupation measure can be used, therefore, to study the important question
of modeling the volatility of volatility. The evidence here points away from affine volatility models
towards those models in which the log volatility has innovations that are independent from the

level of volatility like the exponential OU model in (17).
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Table 1: Monte Carlo Results

Start Value

Vo = QV(0.25)
Vo = QY (0.50)
Vo = QY (0.75)
Vo = QV(0.25)
Vo = QV(0.50)
Vo =QV(0.75)
Vo = QV(0.25)
Vo = QV(0.50)
Vo = QY (0.75)
Vo = QV(0.25)
Vo = QV(0.50)
Vo =@V (0.75)

Q7.0 (0.25) O (0.50)
True Bias MAD True Bias MAD True
Panel A: Square-Root Volatility Model, n = 80

0.3798 —0.0301 0.0477 0.5394 —0.0306 0.0518 0.7324
0.6223 —0.0672 0.0824 0.8170 —-0.0478 0.0712 1.0513
0.9865 —0.1294 0.1447 1.2359 —0.0731 0.1014 1.5310

Panel B: Square-Root Volatility Model, n = 400
0.3798 —0.0147 0.0378 0.5394 —0.0177 0.0385 0.7324

0.6223 —0.0435 0.0629 0.8170 —0.0306 0.0535 1.0513
0.9865 —0.0925 0.1109 1.2359 —0.0489 0.0766 1.5310

Panel C: Log-Volatility Model, n = 80
0.1737 —0.0128 0.0244 0.2860 —0.0082 0.0310 0.4519

0.3293 —0.0251 0.0465 0.5243 —0.0160 0.0558 0.8069
0.6337 —0.0453 0.0860 0.9945 —0.0304 0.1088 1.5162

Panel D: Log-Volatility Model, n = 400
0.1737 —0.0050 0.0192 0.2860 —0.0003 0.0245 0.4519

0.3293 —0.0110 0.0354 0.5243 0.0005 0.0433 0.8069
0.6337 —0.0283 0.0645 0.9945 —0.0011 0.0792 1.5162

Q7.n(0.75)

Bias

0.0043
0.0300
0.0774

—0.0026
0.0186
0.0574

—0.0010
0.0038
0.0094

—0.0114
—0.0151
—0.0185

MAD

0.0572
0.0853
0.1382

0.0429
0.0642
0.1089

0.0448
0.0745
0.1394

0.0411
0.0667
0.1190

Note: In all simulated scenarios T = 22 and we set R, = 3.0 for n = 80 and R, = 3.5 for
n = 400. In each of the cases, the volatility is started from a fixed point being the 25-th, 50-th
and 75-th quantile of the invariant distribution of the wvolatility process, denoted correspondingly
as QV(0.25), QV(0.50) and QV(0.75). The columns “True” report the average value (across the
Monte Carlo simulations) of the true variance quantile that is estimated; MAD stands for mean
absolute deviation around true value. The Monte Carlo replica is 1000.
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Figure 1: FEstimated Quantiles of the Monthly Occupation Measure of the Spot
Volatility of the Euro/$ return, 1999-2010. The three left-hand panels show the 25
and 75 percent quantiles of the monthly occupation measure of volatility expressed
in terms of the local variance (left-top), the local standard deviation (left-middle),
and the local log-variance (left-bottom). Each right-side panel is a scatter plot of
the interquartile ranges of the associated monthly left-side distributions versus the
medians of the distributions (in standard deviation). Volatility is quoted annualized

and in percentage terms.
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25th and 75th Percent Quantiles of Variance IQR (Variance) versus Median Log—Variance
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Figure 2: FEstimated Quantiles of the Monthly Occupation Measure of the Spot

Volatility of the SEP500 index futures return, 1982—-2010. The organization is the
same as Figure 1.
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6 Conclusion

In this paper we propose a nonparametric estimator of the volatility occupation time from discrete
observations of the process over a fixed time interval with asymptotically shrinking mesh of the
observation grid. We derive the asymptotic properties of the volatility occupation time estimator
locally uniformly in the spatial argument and further invert it to estimate the corresponding quan-
tiles of volatility over the time interval. Monte Carlo and empirical applications illustrate the use

of the statistic for studying volatility of volatility.

7 Proofs

This section is organized as follows. We collect some preliminary estimates in Section 7.1. The rest
of the appendix is devoted to proving results in the main text. Throughout the proof, we use K to
denote a generic positive constant that may change from line to line. We sometimes write K, to

emphasize the dependence of the constant on some parameter m.

7.1 Preliminary estimates

7.1.1 Estimates for the kernel II (R, x)

Lemma 2 Fizz >0, ¢ >0, n1 € [0,1/2) and ny € [0,1/2). There exists some K > 0, such that
for any R > ¢,
R
(R, z)| < K exp (7T2> min {2, Rz~!, R%z~ 17"} .

Proof. To simplify notations, we denote

Vssin (Rln (s))
s2+1

hr(s) = , 9gr(z)= /000 hr (s)sin (xs) ds.

Since 71 € [0,1/2), we have

M
lgr (z \</ Vs lsin(@s)| </ Vlsin(@s)[® ) pepm (18)

s2+1 5241

Using integration by parts, we have gg (z) = 2= [[° W, (s) cos (xs) ds. With hly (s) explicitly

computed, we have

lgr ()] < 2™ <KRz'.  (19)

/°° Rcos(RIn(s)) N (1 —3s?)sin(RIn(s)) s
0 Vs (1+5%) 2/5 (1 + s2)*
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Using integration by parts again, we have gg (x) = —2~2 [ '} (s) sin (zs) ds. Note that

ARsY2 cos (RIn(s)) (1 +188% = 1581+ 4R2 (14 52)° ) sin (R1n (5))
(14 52)° * 453/2 (1 + $2)?
KR?
$3/2 (1 +s2)
Hence, for ny € [0,1/2),

AGIEE

< KR2 -2 /OO |Sin(xs)]
lgr (z)] < z o S32(1+ s2)

00 [t 1-n2
< Ksz_zf Mds
0 s32(1+s2)

> 1
2, —1—m2
KRz /0 yErE (1+32)d8

< KR2*z—'7m, (20)

ds

IN

Combining (18), (19) and (20), we derive |gg (z)| < K min {z™, Rz~!, R?2~!""2}. Similarly,

we can also show that

scos (R1n (s))
s2+1
The assertion of the lemma then readily follows. Q.E.D.

sin (zs)| < K min {x"l,Rxfl, Rig=1ml,

7.1.2 Estimates for the underlying process X
As often in this kind of problem, it is convenient to strengthen Assumption A as follows.

Assumption SA. We have Assumptions A1-A3, and there are a constant C > 0 and a nonnegative
function I' on R, such that V; < C, |6 (w,t,2)| <T(2) < Cand [T (2)" A(dz) < C.

For notational simplicity, we set

, oy if r>1
Oét ==
fR (t,z 1{|6(t z)|<1})\(dz) if r<I1,
J, if r>1
J = '
fo fR w(ds,dz) if r <1,

where r is the constant in Assumption Al. We also set X7 = Xo + fot alds + fg osdWs, so that
X: = X§ + J;. We then define

X’Ln = A?XC/A%L/Qv i ’L DA, AnW/A}L/2>

iy iAp
AZL — o /Bn _ 1/2 </ Ct;dS +/ (O’S - U(i*l)An) dWS> .
(i—1)An (i—1)A,
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Lemma 3 Under Assumption SA, there exists K > 0 such that for all u € Ry,

[T/An]

E|A, Z (cos (\/ﬁxﬁ> — cos (\/ﬁﬁf)) < Kmin{ul/zAi/Q,l} (21)

E|A, Z exp (—uV;—1)a,) — / exp (—uVs)ds| < Kmin{uA}/Q,l}—i—An (22)
0

(T/An]

E|A, Z <c0s (\/@ﬁf) — exp (—uV(i,l)An)> < KAY?min {u,1} (23)

(T/An]

E|A, Z( < %>—cos(\/ﬁx?)> < K(ul/zA,l/”_l/2)M1. (24)

Proof. Step 1. By the mean value theorem, E }cos (V2ux!) — cos (v2u 1")‘ < K min {\/uE ||, 1}.
By the Burkholder-Davis-Gundy inequality,

iAn iAp
/ alds + / (as - o(i,l)An) dW
(i—1)A, (i—1) A,

N 1/2
AP KA, + </( g [(”S - %‘—Uﬁnﬂ ds)

i—1)An

E|A?| < AJV?RE

IN

< KALV2
Hence, E ‘cos (V2ux?) — cos (\/2u/8i")’ < Kmin{ul/QArl/Q, 1}, which implies (21).

Step 2. We prove (22) as follows:

(T/An] T
E|A, Z exp (—UV(z'—l)An) —/ exp (—uVs)ds
— 0

(T/An]
< Z/ E |exp (—uV;) — exp (— uVi—na Jlds+ A,
(i—1)An
[T/AR]
< K Z/ mln{u|V Vii-na }ds—l—A
=1

< K min {UA}L/Q, 1} + A,

where the first inequality follows the triangle inequality, the second is due to the mean value theorem
and the last inequality follows E |V; — V4| < K |t — s|*/
SA.

, which in turn is implied by Assumption
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Step 3. Now, consider (23). Denote (' = cos (\/ 2u, Z”) — exp (—uV(i,l)An). Note that condi-
tionally on F;_1)a,,, Bf" is N (0, V(i_l)An) distributed. It is then easy to see that (¢*, Fia,);>q 18

an array of martingale differences. Moreover,

1

E (¢ Fo-van] = 5

(1 = exp (~2uVi_ya,))’ < Kmin {wVZ_y 1},

Hence, E |(¢)?] < K min {u?,1} and E [(An S/ g;t)Q] < KA, min {u?,1}. We then deduce
(23) by using Jensen’s inequality.

Step 4. Finally, we show (24). When r € (0, 1], by Assumption SA and Lemma 2.1.7 in Jacod
and Protter (2012),

ATX n AT X A
E |cos (\/ﬁm> — €oS (\/ﬁ)@) < KE|cos <\/ﬁm) — oS (@)@)
< KuPATPE|ALS|

< KAl

When r € [1,2), we use Assumption SA and Lemmas 2.1.5 and 2.1.7 in Jacod and Protter (2012)
to derive

r

E < KuPATPE|ARS|

s (VAT s (V)

< KulPALT,

and then use Jensen’s inequality to get

cos (@%) — cos (V2ux?)

Combining the above estimates, we have for each r € (0, 2),

E < Kul/QA,ll/T_l/Q.

A'X rAl
E |cos (\/ 2u \/ZAT) — cos <\/%X?> <K (ul/QA}/’"_:lm) .
Then (24) readily follows. Q.E.D.

Recall the notation hy,, (z) from Theorem 1. We set hy, (y) = E[hy, (U)], for y > 0 and
— 2 2
U ~ N (0,y), which is hy, (y) = & (e—(ﬁ+\/5) V4 e~ (Va—vo)y _ 26—(u+v)y) '
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Lemma 4 Under Assumption SA, there exists some K > 0 such that for all u,v € Ry,

(7))
E|A, Z wo OG) = b (7)) < Kmin{ (w24 042) A2 1L (25)

[T/Ax] T
B\An 3 T (Vens,) = [ Fuw()ds| < Kmin{w+0)AY%1}+80 (20)
: 0

(T/An]
E|An 3o (huo () = Puw (V)| < KA o)
[T/ An]

B 2 e (G ) oo ()
Proof. First, note that for any z,y € Ry,
s (@) = o )] < Jeos (V2uz) — cos (V2uy)| + |cos (vV2ew) — cos (vV2uy)|
+ [eos (VG t o)) —cos (V2 (utoly)|.

Hence, following the same calculations as in steps 1 and 4 of the proof of Lemma 3, we have (25)
and (28).
Next, note that for any x,y € R,

< K <<u1/2 + v1/2) A}L/H/?)Ml o (28)

}Buw (v) — Bum (?/)|
< )e—(\/a-i-ﬁ)%c _ e—(\/ﬂ+ﬁ)2y) + ‘e—(\f—ﬁ)2x _ e—(\/ﬁ—ﬁ)Qy‘ + ‘e—(u—i-v)m _ e—(u+v)y

Similarly as in step 2 of the proof of Lemma 3, we have

(T/An]

E A, Z uv 6n 7uv (‘/(ifl)An))

< Kmin{(\/a—k ﬁ) A}/Q,l} —G—Kmin{(\/ﬂ— \/5)2A711/2,1}
—i—Kmin{(u—l—v)A}/Z,l} + Ay,

which implies (26).

Finally, we consider (27). To simplify notations, we denote (" = hyp (") = huw (Vii—1)a,)- It
is easy to see that (/'] < 4. Since the F(;_1)a,-conditional distribution of g} is N/ (O, V(Z-,l)An),
E [huw (BM)] Ficya,] = huw (Vii—1)a,)- Hence, ((;');>; forms a triangular array of martingale
differences. We then have

/A, |2 [T/A)

E|A, Z 'l =A% > EIGP < KA,
j =1
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The claim then readily follows. Q.E.D.

7.2 Proof of Lemma 1

Part a. The existence of occupation density of V; follows directly from Corollary 1 of Theorem
IV.70 in Protter (2004). Since a; and V, are locally bounded, we can find a localizing sequence
of stopping times (Tm)le such that T,,, < S, and the stopped processes a;r7,, and ‘ZATm are
bounded. We first show

E
t<TATm

sup ‘ft (x) — fi (y)‘k] <K|x— y|(1_5)k/\(1/2) ) (29)

By Theorem IV.68 of Protter (2004), we have for =,y € K,z <y,

fuw—ﬁ@:2§y¢% (30)
where ;

A = (T) (Te) () ()

AP = /0 tl{x<ﬁg_<y}d@’

49 = S| (Tme) = (o) |

A0 = 2 Mo<tiosi) [(‘Z‘f”)_‘ (?s‘y”’

T T [ I N

s<t

Clearly, for any t,
A <202y, (31)

By (7), we have

t t -
A§2) — /0 1{x<%7§y} (asds + dBs) —l—/o /Rl{x<‘75<y}6 (s,2) p(ds,dz). (32)

By Holder’s inequality, the boundedness of a7, and condition (ii), we have

E

sup
t<TATm

t k TATm .
/0 1{x<‘7s_§y}&5d5 S KE |:/0 1{x<‘~/s_§y} ’d5| dS S K |$ — y| . (33)
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By the Burkholder-Davis-Gundy inequality and Jensen’s inequality,

/ {I<VS_<y}dB < KE [(/OT 1{x<\7s_<y}d5> k/2]
T 1/2
KE ”/0 1{z<175,§y}d3 ]

K <E ‘ /0 ' Lioav, <y} s )1/2

< Klz—y|"?. (34)

k

sup
t<T ATy,

IN

IA

Moreover, condition (i) implies that [ (f (z)% + T, (z)) A(dz) < co. Then by Lemma 2.1.7 (b)
of Jacod and Protter (2012), we have
k]

// {o<Vi_<y }5 s,2) p (ds, dz)

tg?ﬂ%h
< 2|( J A AT (z)u(ds,dn)k
< KE [/ /1{$<VS <y}1“ m (2)F (dz)d5:| + KE </ /1{x<vs <y}F m (2) A (dz)ds>k]
< Klz—yl. (%)

Combining (32)-(35), we derive

E| sup |AP)| < Kla—y[2. (36)

t<TATm

Turning to Ags) and A§5), we first can bound them as follows

sup <\A£3)|+’AE5)\) < /TATm/(y_q;)/\‘é(s,z)‘u(ds,dz)

t<TATm

< — ) p(ds,dz) .

From here, we readily obtain

3 5)\*
E[ sup (1A£>+1A£>r)]
t<TNTp,

< K(y-— $)(1—ﬁ)kE

IN
=
<
2
=
bl
N
 —
=
>
=
K
+
=
N
T
=
3
O
@
>
=
&
N~
o
~—
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where the second inequality is obtained by using Lemma 2.1.7 (b) of Jacod and Protter (2012),
and the last inequality holds because [, (f m (2)%F + T (2)° ) A (dz) < oo under condition (i).
Finally, since |A§4)| <[5 Je 1{x<‘~/7<y}|5 (s,2) |p (ds,dz), the same calculation as in (35) yields

E| sup |AfVfF

t<TATpm

< Kz —yl. (38)

Combining (30), (31), (36), (37) and (38), we derive (29).

It remains to show E [fT/\Tm (x)k} < K for each z € K. Since Viar,, is bounded, fraz, (z%) =0
for x* large enough. The assertion then follows from (29) because E [f‘TATm (1:)’1 <K|zx— :c*|(175)m(1/2) <
K.

Part b. Denote F;(y) = fg 1{ngy}ds. Then F;(z) = E;(g(x)). By the chain rule, F} ()
is differentiable with derivative f;(z) = fi(g(z))¢' (z). Assumption Bl is thus verified. Let

K C (0,00) be compact. Since g is continuously differentiable, ¢’ (-) is bounded on K. Moreover,

the set g (K) is compact; hence by part (a), E DfTATm (g (m))ﬂ is bounded for z € K, yielding
E []fT/\Tm (m)\k} =E “fTATm (g (a:))’k] ¢ (2)|F < K. By Jensen’s inequality, for any £ € (0,k — 1),
sup,cx E [|fT/\Tm ($)|1+€} < K. This verifies Assumption C1. Moreover, for z,y € I,
E [’fT/\Tm () = frat, (y)’k]
= E Ufm:rm (9 (@) (@) = fraz,, (9 (1)) ¢ (y))k]

k

IN

KE UfTATm (9 () = fraz, (g (?J)))k] + KE UfTATm (4 (y))‘k 9 (@) — ¢ &)
K |g(x) = g (y)| YD 4 Kz — g
< Ko -y L ey

IN

Hence, for any € € (0,k — 1), by Jensen’s inequality,
_AAL 5
E || fraz, (2) = fran, )] < Ko —y| =% + Kz —yl7.
By setting ¥ = (1 — 8) A i A7 and picking any ¢ € (0, min {7,k — 1}), we verify Assumption C2

for the process V;. Q.E.D.

7.3 Proof of Theorem 1

Part a. By a standard localization procedure, we can suppose that Assumption SA holds without

loss of generality. For any M > 0, we have fOM |w(u)]du < oo. It is then easy to see that the
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mapping [ +— fOM f(u)w (u)du is a continuous mapping on the space of continuous functions
equipped with the uniform metric. By the continuous mapping theorem and Theorem 1 of Todorov

and Tauchen (2012b),

AZL2 /0 " (£ () — L7 () ) w () ds £ /0 e () w (w) du (39)

Observe that E € (u)| < \/IE[% fOT(l —e=2uVs)?ds] < Ku. Hence, E[f57 1€ (w) w (u)| du] <

K [, u|w (u)] du < oo. By dominated convergence, as M — oo,

M 1 (e%9)
/ € (w) w (u) du = / ¢ () w (u) du. (40)
0 0

Without loss of generality, suppose that A, < 1. By Lemma 3, we have for all u > 1,
AR ’Z\Tn (u) — L7 (u)| < Ku. Therefore, for M > 1,

E ‘A;l/z /MOO <2Tn (u) — Lp (u)) w (u) du

SK/ w|w (u)] du,
M

where the constant K does not depend on M. By the dominated convergence theorem and Markov’s

inequality, we have, for any € > 0,

lim Tim sup P <‘A;1/2 / b (£ () — L7 () ) w (o) du

M—>OO n—oo M

>e ) =0. 41
) (1)

Combining (39)-(41), we readily derive the claim.
Part b. Recall the notations in Lemma 4 and observe that X7 (u,v) = f(;f huw (Vs) ds. By Lemma
4, we have E iT,n (u,v) — X (u,v)‘ <K(uvl)(vVvl) AN Hence,

E [/OO /OO (ET,R (u,0) — S (u,v)‘ |w(u)w(v)ldudv}

The assertion readily follows. Q.E.D.

7.4 Proof of Theorem 2, 3 and Corollary 1

Proof of Theorem 2. By localization, we can suppose that V; is bounded above and away from
zero. We can also strengthen Assumptions B2 and B3 as follows: for any compact K C (0,00) and

any z,y € K,
Elfr(z)| <K, E

sup | f¢ (z) — fi (y)!] <Kz —y[";
t<T
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this is without loss, because otherwise we can restrict our calculations in the event {T' < T),},

which charges an arbitrarily small probability mass for m sufficiently large. The proof proceeds via

several steps.

Step 1. From Kryzhniy (2003b), we have

2

Fir () = 7r/OOO F; (zu) \/;W

e du.

With a change of variable, we have the following decomposition:

00 633/2 sin .
Fyr () — Fi (z) = F (x) (2/ 622—(1R)

T J 00

where we set

gi(zx) = (Fi(ze”) = Fi(2)h(z), h(z)=

Gi(z2) = g (z2) =gt (=21).

The first term in (42) can be bounded as follows. By direct integration, we have

oo 3z/2 o
2/ Mdz = tanh (7R) .

T ) o €22 -—1
Hence,

sup =0 (e_Q”R) .

Fy (z) 2/00 Mdz—l
t<T,x>0,we ) e —1

o0

Bounding the second term in (42) is the task below.

dz — 1) + 2/ Gt (z;x)sin (Rz) dz,
T Jo

(42)

(43)

Step 2. Below, we denote a = /2R and, without loss of generality, we suppose that R > 1. In

this step, we show that

E < KR™L

/a Gr (z;x)sin (Rz) dz
0

Indeed, by Assumption B2,

E = E

a 632/2
/ (Fr (ze®) — Fr (x)) Ea] sin (Rz) dz

—a -

/“ Gt (z;x)sin (Rz) dz
0

a eSz/2
—a
a ,32/2 |,z _
< k[l
—a  |€**—1]
< Ka,

which implies (44).
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Step 3. For each k > 0, we denote ay r = a+ 2mk/R. Let Np = min{k € N: a; g > 1}. Note
that for 0 < k < Ng, we have a < a; g < 37. In this step, we show that

a+27Ngr/R
E / Gt (z;7)sin (Rz)dz| < KR™'™"7In(R)+ KR! (45)

We denote Gy, (z;2) = 0Gi(z;x) /0z and ¢, (2;2) = 0g (2;x) /0z. Note that Gy, (z;2) =
Gtz (#;2) + gt (—2; ). To show (45), we first note that for each k > 1,

ak,R
/ Gr (z;x)sin (Rz) dz

ak—1,R

ap,r—7/R
- / (Gr (z:%) — Or (= + w/R;x)) sin (Rz) d

ak—1,R

ak,r—7/R
- R / (Grz (z:2) = Gz (2 + 7/ Rs ) cos (Rz) dz,

ag—1,R
where the first equality is obtained by a change of variable and the second equality follows an

integration by parts, using that cos (Rz) =0 for z = ay_1 g or ax,gr — m/R. Therefore,

ap,r—7T/R
E <R! / E|Gr.(z;2) — Gr. (2 + 7/R; x)| d=. (46)

ak—1,R

ar,R
/ Gt (z;x)sin (Rz) dz

ak—1,R

To simplify notations, let ¢; (x) = x f; (x). Then g; . (z;x) = ¢y (xe?) h (2)+(Fy (ze®) — Fy (z)) W (2).
Hence, for any y, z € R,

91,2 (232) — 91,2 (y; )|

< e (we®) h(2) — o1 (xe?) h (y)]
+|(Fi (we®) = Fy (@) I (2) = (Fy (ze¥) = Fy (2)) W (y))|
< |01 (we®) — or (xe)| - h(2) + i (ze) - B (y) — h(2)]

+|Fy (2e®) = Fy (ze¥)| - | (2)] + | Fy (2e¥) — Fy (2)] - W (y) — B’ (2)].

Moreover, under Assumptions B2 and B3, it is easy to see that if either (i) z,y € [-37, —a] and

y=z—m/R;or (ii) 2,y € [a,37] and y = z + 7/ R, then

Elpr (we?) — ¢r (we¥)| < KR™Y, [h(2)| < Kle* — 1|71,

El¢r (ze¥)| < K, |h(y) —h(z)] < KR™ (e* —1)72,
E|Fr (ze?) — Fp (ze¥)| < KR™Y, |W (2)| < K (e* —1)"2,

E|Fp (ve¥) — Fr(z)| < K|2|, [P (y) =1 (2)] < KR '[e* —1|7°.
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Hence, for z € [ag_1,r,arr], 1 <k < Ng, we have
E|Gr. (z;2) — Gr. (z+7/R;z)| < KR (¢ = 1) '+ KR (e — 1)72,

and by (46), we derive for each 1 < k < Ng,

E < KR 277 (em—1r — 1)1 4 KR™3 (e™-1R —1)72. (47)

ak,r
/ Gr (z;z)sin (Rz) dz

Qk—1,R

Finally, observing E [oeE Grp (z;2) sin (Rz) dz|, we

ak—1,R

fa+27rNR/R Gr (%;x)sin (Rz) dz‘ < ZNR E
readily derive (45) by using (47).
Step 4. Let M be a constant such that M > a + 2rNr/R and cos (M R) = 0. Integration by

parts yields
M

M
/ Gt (z;2)sin (Rz)dz = R} / Gt (z;2) cos (Rz) dz. (48)
a+27Nr/R a+27Ngr/R

Since V; is bounded above and away from zero, fr (-) is supported on some compact subset of

(0,00). Then under Assumption B2, for z > 1,

IN

E|¢r (ze®)| + E|Fr (ze®) — Fr (z)]
E|¢T(xe_z)‘+E|FT(xe_z)—FT(x)} < K.

K,

Moreover, |h (2)| + B’ (2)| < Ke */? and |h (=2)| + |I' (—2)| < Ke=3*/2. Hence, for z > 1,

Elgr: (z2)] = Elér(we?)h(z)+ (Pr(ze) — Pr (@) I (2)] < Ke ™/,
Elgr. (—z;z)] = E |¢T (xe_z) h(—z)+ (FT (xe_z) o (:1:)) I (—z)‘ < Ke 32,

Therefore, E |G, (z;2)| < Ke /2. Since a + 2rNg/R > 1, we use (48) to derive

M
< KR! e *%dz < KR!, (49)
a+27Ngr/R

M
E / Gt (z;x)sin (Rz) dz

+27TNR/R

where the constant K does not depend on M.

Step 5. Now, note that
o0
< J,

K/ e ?2dz
e~M/2,

‘ / " g (2 2)sin (R2) d=

M

(Pr(ae®) = Fr (@) -

IN
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and

h o —32/2
‘/ gr (—z;x)sin (Rz)dz| < / (FT (l,efz) —Fp (x)) :7 &
M M e—2z _ 1
S K 6—32/2dz
M
< K673M/2'

Therefore, | [y Gr (2;z) sin (Rz) dz| < Ke M/2_ Taking M > 31In(R), we derive

‘/ Gr (z;z)sin (Rz)dz| < KR™3/2,
M

Step 6. Combining (44), (45), (49) and (50), we have

E / Gr (z;2)sin (Rz)dz| < KR™'"7In(R) + KR~
0

The assertion of the theorem then follows from (42), (43) and (51).

(50)

(51)

Q.E.D.

Proof of Theorem 3. With a standard localization procedure, we can suppose that Assumption

SA holds without loss of generality, and further that R, > 2 and A, < 1. It is easy to see that

sup F\T,n,Rn ( ) FT Rn } Z Cg n)

el

where, with the notations of Lemma 3 and II* (R, u) = sup,¢x |II (R, uz)|, we set

(T/An]

(i = /0” D3 (cos (Vaun?) —cos (vausy) )| 0 gy,

Com = /OOO A, [Tﬁn]exp (—uVii_1ya,) — /OTeXp(—uVS)ds H*(};’““)du,
o = [T /Z] (cos (v81) — exp (¥l )| g,
o = [Tl S (e (VST o () )| T

By Lemma 2, given any 11,72 € [0,1/2), we have for all u > 0,

Ir* (Rna U) < Kexp ( -;E ) sup min {(xu)nl 7Rn (wu)*l ,R% (xu)flan}

e

< Kexp( ]2% )mln{um Rou™t, Riu~1~ G
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where the second inequality holds because K is bounded above and away from zero by assumption.

Below, for any Borel function h : Ry — Ry, and v/, v” € Ry, we set the convention that
f;f” h (u)du = 0 whenever v/ > «”. By (21) and (53) (the latter applied with 7, = 0 and 72 = 7,
for n being the constant in the statement of the theorem), we have

[e.e]
E[¢1n| < K exp (“;”) / min {u!/2AY2 1} min {u™!, Ryu™2, R2u=2""} du.
0

Note that

/ min {ul/QA%Lm, 1} min {u_l, Ryu™2, R?Lu_z_”} du
0
1/m

Ry Ry,
A}L/2/ uw2du + A}L/2Rn/ w32 du
0

n

IN

-1

An
AR [
R

1/m
n

o0
w32y + R? / ) w2 du
An

IN

KRY2AL? + Ry 9T AY? 4 KREAL™
KRY?AY? + KR2ALM.

IN

Hence,

R,
E|Cin| < Kexp (”2> (R}/QA}/? + RiA}f”) . (54)

By (22) and (53), for n; € (0,1/2), we have

E|Gnl < Kexp <7T];n>/ min{uA,ll/Q,l}min{u_l,Rnu_Q’Riu—Q—n}du
0

+ KA, exp <7r}23n> / min {um_l, Ryu™2, R?Lu_Q_"} du
0

Moreover, note that

o0
/ min {u”rl, Ryu™2, R?Lufkn} du
0
R}/U"ﬂ?l)
< / W+ Rn/
0 R}L/(l-‘rm)

< KRzl/(Hm)—i-KR}fl/",

Ryll/ n

o0
u ?du+ R2 w2 du
R'}L/W

and

/ min {UA}/Z, 1} min {ufl, Ryu™2, RZU*Q*”} du
0

711/’7 A;1/2 -
< RnA/ 4 RO / utdu+ Ry A / w T du + RZ/ w2 duy
n RL/" NS
< KR,In(R,) A}/? + KRy A/,
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Hence,
E|Con| < K exp <7T2R") (Rn In (Rn) A% + RiA%H”)/Q) - (55)

By (23) and (53), we have

E|C3n| < KA%L/Q exp <7T2Rn> / min {u, 1} min {u717 Rnu72, R?Lufzfn} du.
0

Note that
o0
/ min {u, 1} min {u™", Ry,u™2, R2u™>""} du
0
R, Ry/" o0
< 1+ / u tdu + Rn/ u2du + R,QZ/ w2 "du
1 n va’:,/n
< K+ KIn(R,)+ KR\ ™1/n
< Kn(Ry).
Hence,

Il < Kexp (T3 ) n () Al (56)

Now, consider (4,,. We denote 7 =r A 1. By (24) and (53),

E|(n| < KAZ(I/T_1/2) exp <7T];n> / u"/? min {u_l, R,u"2, Riu_Q_”} du.
0
Note that
/ u"/? min {u_l, Rou™2, Riu_Q_”} du
0
Rn R/ S
< / u*VYdu + R, u?2du + R? / w22y
0 R, Ry/"
< KR'? + KR:-(=7/2)/n
< KRI2
Hence,
Ry 7/2 AT(1/r—1/2)
E |C4,n| < Kexp 9 R/7AY . (57)
Finally, we combine (52) and (54)-(57) to derive the assertion of the theorem. Q.E.D.
Proof of Corollary 1. The assertion follows directly from Theorems 2 and 3. Q.E.D.
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7.5 Proof of Theorem 4

Let (T, )m>1 be the localizing sequence of stopping times as in Assumption C. By Assumption
A2, we can suppose that the stopped process (Vinz,,);>( takes values in Ky, = [cm, Cpy] for some
constants Cy, > ¢, > 0 without loss of generality. By enlarging /C,, if necessary, we suppose that

K C K, without loss. Let M, = In(C),/c¢m). Observe that

z,y € K, |z| > My, = Frar,, (x€®) — FraT,, (ye*) = 0. (58)

1+e
Z ]

Hence, for any z,y € K,
> e3%/2 sin (R, 2
E[ | Frum, @) = P, (@) = (Frags, () = From, () = —2ie2lg

—00

1 e3/2sin (R, 2) e
< KE| |Frar,, () — Frar, (y)] e / &
(—00,—Mm]U[Mpm,00) €7 —1
M,
+KE / <FT/\T,,L (ze®) — Frar,, (o)
_Mm
1+
e3%/2 sin R,z
~(Prar, (46°) — Proz, (1) ) o in®) (59)
By Assumption C1 and Hélder’s inequality,
1+e
- e3%/2 sin R,z
[Fra, () = Fra, )" | e
(00— Mm]U[Mm,o0) €7 —1
< Kk ||Frar, (2) — Fram, (y)IHE]
< K le—y". (60)

Note that for any z,y € K and z € R,

| Frat, (xe®) — Frar, (x) — (FraT, (ye®) — Frat, ()]
/ frar,, (v)dv — / e” frar,, (ve®) dv

< / fT/\Tm ve® | 1|d’U-|—/ ’fT/\Tm (1)6 ) fT/\Tm( )|dv (61)
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By (61) and Hélder’s inequality,

M, /2 in (R,.2) L+e
E (| [ (Pra, (we) - Prar, (@) = (Praz, (ve) = Proz, ) 5 1" 2ds
_Mm -
My, Yy e | .32/2 1+e
< K,E / < / Fong (ve?) e — 1] dv) L (62)
— My, T e —1
M, y Lte | 322 |'*e

+KnE / </ | AT, (v€*) = fraT,, (V)] d”) 2 1 dz

—Mpm T -

The two terms on the majorant side of the above display can be further bounded as follows. By

Hoélder’s inequality and Assumption C1

Ie | .32/2 1+e
E / (/ frar,, (ve®)|e® — 1]dv> e dz
1+¢
< [/ (/ frat,, (ve® v) dz]
< Kplz—y|". (63)
Moreover, by Holder’s inequality and Assumption C2,
My, y Lte | 3z/2 |'*€
Bl [ ([ b, ) = ) || ae
— My, T e —1
Mm y 1+e 1 |+
< & [ BN Venn ) = e, o) ||| e
M, x e? —1
M Yy . 1 |ite
< Kplr— y|5/ E [/ | frat,, (v€*) = fram,, (0)'° dv] 1| %
— My, x -
e [ 1
< Kplz-— €/ _dz
= | y| _Mm |€Z _ 1|1+€—’Y
< Kl -yl (64)

By (63) and (64), we see that the left-hand side of (62) can be further bounded by K, |z — y|'*<.
Combining this estimate with (59) and (60), we get

1+¢

Mdz < Koz — gy

|/_C><> (Frat, (xe®) = Frat,, (2) — (Frat, (ye®) — Frat,, (¥))) o

(65)
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Next, observe that by Assumption C1,

o /2 sin (R, 2) e
E / (Frat,, (z€®) = Fran, (%)) 622—_1652
1+
1 e3%/2 gin R,z
< KE ‘/ (FT/\Tm (.’L'ez) — FT/\Tm (x)) 622(1)d2
1 -
e3*/2sin (R, 2) e
+KE / (Frat, (z€®) — Frar, (7)) — 2
R\[~1,1] e* —1
1 1 1+
< KE| [ |Prua, (o6") = ooy, @ | | x| + K
_1 -
I 1 1+e 1 1+e
< KE / / fraz,, (v)dv - dz| + K
—1 |/ [zAze? xVre?] e —1
< K. (66)

Because of (65) and (66), we can apply Theorem 20 in Ibragimov and Has'minskii (1981) to show

that the collection of processes

() 32/2 o R
/ (Frar,, (ze®) — Frar,, (2) ezszln(lnz)dz’ ek, n>1,
e p—

—o0
is stochastically equicontinuous. By (43), we see that Frar,, r,. () — Frar,(2), z € K, n > 1,
are also stochastically equicontinuous. Combining this result with Theorem 3, we deduce that
ﬁT,m r,(z) — Fr(z), € K, n > 1, are stochastically equicontinuous in restriction to the event
{T <T,}. By Corollary 1, (ﬁT,n,Rn (z) = Fr(z))lr<r,,y = 0p (1) for each x € K. Hence, for each
m > 1,

~ P
sup <FT,n,Rn () — Fr (33)) 1{T§Tm}’ — 0.
zelC

By using a standard localization argument, we readily derive the asserted convergence. Q.E.D.

7.6 Proof of Theorem 5

Part a. Let Ny be an arbitrary subsequence of N. By assumption, sup,¢x \ﬁT,n,Rn () — Fr(x)| =
op (1). Hence there exists a further subsequence Ny C Ny, such that sup,¢x ]ﬁT,nan (x)—Fr (z)]| —
0 as n — oo along No on some P-full event 2*.

Now, fix a sample path in Q*. Let 7 be the collection of continuity points of Q§ (-). We have
1{F\T,n,Rn () <1} — I{Fr(z) < 7} along Ny for x € {x € K: Fr(z) # 7}. For each 7 € T, the
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set {x € K : Fr (z) = 7} charges zero Lebesgue measure. By bounded convergence, along No,
sup K
Q% p, (1) — inf K+ /mﬂC {Fr(z) <t}de=Qf(r), VreT. (67)
Since Fr(z) is continuous in z, by Lemma 21.2 of van der Vaart (1998) and (67), we have
ﬁ%nﬂn (x) — Fr(z) along Ny for all x € K. Since ﬁ%n,Rn (+) is also increasing, we further have
SUP,cx |1?:’§7n7Rn () — Fr(z)| — 0 along Nj.

We have shown that for any subsequence, we can extract a further subsequence along which
SUPg ek |ﬁ§,n,Rn (x) — Fr (z)| — 0 almost surely. Hence, sup,cx ]ﬁ%nﬂn (x) — Fr(z)]| =o0p(1).
Part b. Let N; and Ny be given as in part (a). Since the continuity points of Qr (-) are also
continuity points of Q§ (+), by (67), we have @?n R, (T7) — Q? (7*) along Ny almost surely. The

assertion of part (b) then follows a subsequence argument similar to part (a). Q.E.D.
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