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Abstract

This paper introduces a framework for analysis of cross-sectional dependence in the id-
iosyncratic volatilities of assets using high frequency data. We first consider the estimation
of standard measures of dependence in the idiosyncratic volatilities such as covariances and
correlations. Next, we study an idiosyncratic volatility factor model, in which we decompose
the co-movements in idiosyncratic volatilities into two parts: those related to factors such as
the market volatility, and the residual co-movements. When using high frequency data, naive
estimators of all of the above measures are biased due to the estimation errors in idiosyncratic
volatilities. We provide bias-corrected estimators and establish their asymptotic properties. We
apply our estimators to high-frequency data on the 30 Dow Jones Industrial Average compo-
nents, and document strong cross-sectional dependence in their idiosyncratic volatilities. We
consider two different sets of idiosyncratic volatility factors, and we find that they cannot fully
account for the cross-sectional dependence in idiosyncratic volatilities. We map the network of
dependencies in residual idiosyncratic volatilities across the stocks.
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1 Introduction

Idiosyncratic Volatility (IV) of returns of an asset or a portfolio is the subject of many recent
papers in empirical finance. The IV is usually defined with respect to some popular empirical
asset pricing model such as the Fama and French (1993) model, so that IV is the volatility of the
risk-adjusted returns. Even if the idiosyncratic returns are not correlated in the cross-section, their
volatilities may well be. In fact, cross-sectional correlation of IVs has emerged as a stylized fact,
see, e.g., Herskovic, Kelly, Lustig, and Nieuwerburgh (2014) and Duarte, Kamara, Siegel, and Sun
(2014). The current paper develops the tools to formally study this empirical phenomenon.

We provide a flexible framework for studying the cross-sectional dependencies in IVs using high-
frequency data. Our framework offers a solution to the measurement error problem in estimated
IVs, and is applicable to a potentially large set of assets.

First, we study the behavior of standard measures of cross-sectional dependence in IVs using
high-frequency data. We show that the naive estimators of these measures are biased, and provide
bias-corrected estimators. We then obtain the relevant asymptotic distributions, which allow us
to perform statistical tests.

Second, we study an idiosyncratic volatility factor model (IV-FM).! The IV-FM decomposes
the cross-sectional dependence in IVs into two components. The first component is the cross-
sectional dependence due to popular factors. The IV factors can include the volatility of the
price factors, or more generally non-linear transformations of the spot covariance matrices, such
as the average variance and average correlation factors of Chen and Petkova (2012). The second
component in the IV-FM is residual dependence in IVs not explained by the IV factors. Again, the
standard estimators of this decomposition are biased due to the latency in volatility. We provide
bias-corrected estimators, and derive their asymptotic distributions. We build a test for whether
the IV-FM can fully account for the dependence between the IVs.

We apply our estimators to high-frequency data on 30 individual stocks comprising the Dow
Jones Industrial Average index. We study the idiosyncratic volatilities with respect to two models
for asset prices, CAPM and the three-factor Fama-French model. In both cases, the average
pairwise correlation between the idiosyncratic volatilities is high (above 0.55). Moreover, we find
that this dependence cannot be explained by missing factors in asset prices. This confirms recent
findings of Herskovic, Kelly, Lustig, and Nieuwerburgh (2014) who use daily and monthly price
data. We then augment the return factor model with an IV-FM. We consider two sets of IV
factors, the market volatility alone and the market volatility together with volatilities of nine
industry ETFs. The market volatility decreases the average pairwise correlation between I'Vs from
0.55 to 0.25. Volatilities of nine industry ETFs decrease the average correlation between residual

idiosyncratic volatilities further to 0.18. However, in both cases we find that these IV factors cannot

Throughout the paper, we use the term “factor model” to denote a regression model, e.g., we call the Fama and
French (1993) model a factor model.



fully explain the cross-sectional dependence in IVs, and we study the network of dependencies in
residual idiosyncratic volatilities across the stocks.

To the best of our knowledge, this paper is the first to study the theoretical properties of the
estimators of cross-sectional dependence in IVs using high frequency data. In contrast, a growing
number of papers study the cross-sectional dependence in total and/or idiosyncratic returns using
high frequency data. The latter literature dates back to the study of realized covariances and
their transformations, see, e.g., Barndorff-Nielsen and Shephard (2004) and Andersen, Bollerslev,
Diebold, and Wu (2004). A continuous-time factor model for asset prices with observable price
factors was first studied in Mykland and Zhang (2006). It was extended to multiple factors and
jumps in Alt-Sahalia, Kalnina, and Xiu (2014). Ait-Sahalia and Xiu (2015), Ait-Sahalia and Xiu
(2016), and Pelger (2015) study the cross-sectional dependence in total and idiosyncratic returns
using unobservable factors. The above papers are silent about the cross-sectional dependence
structure in IVs. The Beta GARCH model of Hansen, Lunde, and Voev (2014) implies that
the IVs exhibit nonlinear cross-sectional dependencies driven by the market volatility and certain
realized measures. Their model allows for some return factors to be omitted and hence tested for,
but the IV factors are fixed. Our framework allows a general specification of both return and IV
factors.

Our inference theory is related to several results in the existing literature. First, it extends
the results on estimation of the integrated one-dimensional (total) volatility of volatility of Vetter
(2012) (see also Ait-Sahalia and Jacod (2014)). The estimator of Vetter (2012) requires bias-
correction due to pre-estimation of (total) volatility. The need for a first-order bias-correction also
arises when estimating the one-dimensional (total) leverage effect, see Wang and Mykland (2014),
Kalnina and Xiu (2015), and Ait-Sahalia, Fan, Laeven, Wang, and Yang (2013). Ait-Sahalia, Fan,
and Li (2013) demonstrate the empirical importance of this bias-correction: they show that the
leverage effect puzzle arises when this bias-correction is omitted. Due to the decomposition of
total returns into a systematic and idiosyncratic part, our estimators involve aggregation of non-
linear functionals of the return volatility matrix, hence our bias-correction terms are related to the
general theory developed in Jacod and Rosenbaum (2012) and Jacod and Rosenbaum (2013).

The choice of the IV factors has consequences for option pricing. For example, Gourier (2014)
studies risk premia embedded in options using a parametric stochastic volatility model. In her
model, the co-movements between IVs are induced by their loading on the market volatility. By
relying on high frequency data, our methods offer a nonparametric and computationally straight-
forward way of testing whether a given set of IV factors is sufficient to explain all the cross-sectional
dependence in the IVs for a given data set. Empirically, we reject the hypothesis that the market
volatility as the sole IV factor is sufficient for the data set of 30 DJIA stocks. Another related
paper is Christoffersen, Fournier, and Jacobs (2015) who apply principal component analysis to

equity option data. While their model is agnostic about the cross-sectional dependence in IVs,



they report empirically high cross-sectional correlations in I'Vs, which motivates our study.

The remainder of the paper is organized as follows. Section 2 introduces the model and the
quantities of interest. Section 3 describes the identification and estimation. Section 4 presents
the asymptotic properties of our estimators. Section 5 contains a Monte Carlo study. Section
6 uses high-frequency stock price data to study the cross-sectional dependence in IVs using our

framework. Section 7 concludes. The Appendix contains the proofs.

2 Model and Quantities of Interest

We first describe a general factor model for the prices, in which the idiosyncratic volatility is
defined. We then introduce the idiosyncratic volatility factor model (IV-FM).

Suppose we have (log) prices on dg assets such as stocks and on dp observable factors. We
stack them into the d-dimensional process Y; = (S1¢,...,Sdg.t, Fi,t,-- -5 FdF,t)T where d = dg+dp.
The observable factors Fi, ... Fy, are used in the P-FM model below. We assume Y; follows an

1t6 semimartingale,
t t
Yi=Yo+ [ bdst [ oudWos
0 0

where W is a d’-dimensional Brownian motion (d’ > d), o5 is a d x d’ stochastic volatility process,
and J; denotes a finite variation jump process. We assume also that the spot variance matrix

process Cy = ata;r of Y; is a continuous It6 semimartingale,’

t t
ctzco+/ bsds+/ FodWs, (1)
0 0

see Section 4 for the full list of assumptions. We denote C; = (Capt)1<ab<d- For convenience, we
also employ the alternative notation Cpy; to refer to the spot covariance between two elements U
and V of Y.

We assume a standard continuous-time factor model for the (log) prices of the assets:
Definition (Factor Model for Prices, P-FM). For for all 0 <t <T andj=1,...,ds,’
ds§, = B} dFf +dZ5, with

(2)
125, F°); =

2Note that assuming that Y and C are driven by the same d’-dimensional Brownian motion W is without loss of
generality provided that d’ is large enough, see, e.g., equation (8.12) of Ait-Sahalia and Jacod (2014).

3If X and Y are two vector-valued It6 semimartingales, their quadratic covariation over the time span [0, T is
defined as

M-—1
[X7 Y]T =p—lim Z (th+1 - th)(Ytj+1 - Ytj)Tv
M — o0 =0

for any sequence to < t1 < ... <ty =T with sup {tj+1—¢;} — 0as M — oo, where p-lim stands for the probability

j
limit. Barndorff-Nielsen and Shephard (2004) discuss its estimation when both X and Y are observed.



We do not need the price factors F; to be the same across assets to identify the model, but
without loss of generality, we keep this structure because it is standard in empirical finance. These
price factors are assumed to be observable. For example, in the empirical application, we use two
sets of price factors: the market portfolio and the three Fama-French factors, which are constructed
in Ait-Sahalia, Kalnina, and Xiu (2014).

The process Zj; in the P-FM is the idiosyncratic component of the price of the 4t stock with
respect to the price factors. We use the superscript ¢ to emphasize that the P-FM only involves
the continuous martingale parts of the observable processes Y;; and F;. The jump parts of these
processes are left unrestricted. For j = 1,...,dg, the factor loading j3;; is a R -valued process
which represents the continuous beta.* The k-th component of Bj+ corresponds to the time-varying
loading of the continuous part of the return on stock j to the continuous part of the return on
the k-th factor. We set 8 = (Biy,. .. ,ﬂds’t)T and Z; = (Z1y, .. .,st,t)—r. This framework was
originally studied in Mykland and Zhang (2006) in the case of one factor and in the absence of
jumps. It was extended to multiple factors and jumps in Ait-Sahalia, Kalnina, and Xiu (2014).
See also Li, Todorov, and Tauchen (2013), Fan, Furger, and Xiu (2015), and Reif}; Todorov, and
Tauchen (2015). Our framework can be potentially extended to use principal components instead
of observable price factors as in Ait-Sahalia and Xiu (2015).

Idiosyncratic Volatility of stock j is the spot volatility of the residual process Z;, and is denoted
by Czjz;. Notice that the factor loadings as well as IV in (2) are functions of the total spot

covariance matrix Cy. In particular, the vector of factor loadings satisfies

ﬂjt — (CFF,t)_ICFSj,ta (3)

for j = 1,...,ds, where Crp; denotes the spot covariance matrix of the factors F', which is the
lower dr x dp sub-matrix of Cy; and Crgj denotes the covariance of the factors and the Gt stock,
which is a vector consisting of the last dp elements of the j* column of C;. The IV of stock j is

also a function of the total spot covariance matrix Cf,
T _
Czizit = Ovivit — (Crsjt) (Crri) ' Crsjit (4)

By the It6 lemma, (3) and (4) imply that factor loadings and IVs are also It6 semimartingales with
their characteristics related to those of Cj.

The following quantity plays the role of the correlation; it is a natural measure of dependence
between the IV shocks of stocks ¢ and j and is based on the quadratic covariation between the two,

PZizi = [CZiZia CZij]T
" \/[CZiZi7 CZiZi]T\/[CZij, OZij]T

Alternatively, one can consider the quadratic covariation [Cziz;, Czjz;]r without any normal-

()

“Interestingly, it is possible to define a discontinuous beta, see, e.g., Bollerslev and Todorov (2010) and Li,
Todorov, and Tauchen (2014).



ization. In Section 4.4, we use the estimator of the latter quantity to test for the presence of
cross-sectional dependence in IVs.

We now introduce the Idiosyncratic Volatility Factor model (IV-FM). In the IV-FM, the cross-
sectional dependence in the IV shocks can be potentially explained by certain IV factors. We
assume the IV factors are known functions of the matrix C;. In the empirical application, we use
the market volatility as the IV factor; we discuss other possibilities below. We allow the IV factors
to be any known functions of C} as long as they satisfy a certain polynomial growth condition in

the sense of being in the class G(p) below,

G(p) = {H : H is three-times continuously differentiable and for some K > 0, ©)
: . 6
|09 H (@)l < K(1+ |l2)?,j = 0,1,2,3}, for some p > 3.
Definition (Idiosyncratic Volatility Factor Model, IV-FM). For all0 < t < T and j =

1,...,dg, the idiosyncratic volatility Cz;z; follows,

dCzizjy = byl +dCES., with (7)

[CJZV]%jv I, =0,

where Iy = (Mg, ..., Myy) is a R -valued vector of IV factors, which satisfy Ty, = j(Cy) with
the function Il (-) belonging to G(p) for k=1,...,dn.

We call the residual term Cjzvj%j7t the non-systematic IV of asset j, and we abbreviate it as NS-
IV. The IV factor loadings are denoted by bz;; they are time-invariant. Our assumptions imply
that the components of the IV-FM, Cz;z;,1I; and (/”Z\;SZ]-’I‘/7 are continuous It6 semimartingales.
We remark that both the regressand and the regressors in our IV-FM are not directly observable
and have to be estimated. As will see in Section 3, this preliminary estimation implies that the
naive estimators of all the quantities of interest in the IV-FM are biased. One of the contributions
of this paper is to quantify this bias and propose bias-corrected estimators for all the quantities of
interest.

The class of IV factors permitted by our theory is rather wide as it includes general non-linear
transforms of the spot variance process C;. For example, IV factors can be linear combinations
of the total variances of stocks, see, e.g., the average variance factor of Chen and Petkova (2012).
Other examples of IV factors are linear combinations of the IVs, such as the equally-weighted
average of the I'Vs, which Herskovic, Kelly, Lustig, and Nieuwerburgh (2014) denote by the “CIV”.
The IV factors can also be the volatilities of any other observable processes.

To measure the residual cross-sectional dependence between two IVs after accounting for the

effect of the I'V factors, we use a natural counterpart of the correlation between the NS-IVs, which



is based on the quadratic covariation,
NS
NS [CZzZNCZ]Zj]T
Pzizi = NS (NS NS (NS
\/[CszZz7 CZZZZ] \/[CZ]Z]7 CZ]ZJ]

When testing for the presence of residual correlation between NS-IVs, we use the quadratic covari-

(8)

ation [C25., C’Z] Z]]T without normalization.
We want to capture how well the IV factors explain the time variation of j** IV. For this
purpose, we use the quadratic-covariation based analog of the coefficient of determination. For

j:17"‘7ds7

-

RYIV-FM _ bz, [IL, 1] 7bz; 9)
&  [Czjzj, Czjzjlr

It is interesting to compare the correlation measure between IVs in equation (5) with the

correlation between the non-systematic parts of IVs in (8). We consider their difference,

PziZj — PRz (10)

to see how much of the dependence between IVs can be attributed to the IV factors. In practice,
if we compare assets that are known to have positive covolatilities (typically, stocks have that
property), another useful measure of the systematic part in the overall covariation between IVs is

the following quantity,

QIZ\Z{—ZF]’_M _ b}—i (1L, ] 7bz; ) (11)
([Czizi, Czjzilr

This measure is bounded by 1 if the covariations between NS-IVs are nonnegative and smaller than
the covariations between IVs, which is what we find for every pair in our empirical application with

high-frequency observations on stock prices.
It is interesting to compare our framework with the following null hypothesis studied in Li,
Todorov, and Tauchen (2013), Hy : Czjzj+ = az; + b}jﬂt, 0 <t <T. This Hy implies that the
1V is a deterministic function of the factors, which does not allow for a non-systematic error term.

In particular, this null hypothesis implies R2 AV-EM _

3 Estimation

The current section discusses the identification and estimation of the quantities of interest intro-

duced in Section 2. These quantities of interest are

- 2,IV-FM
IV-FM nd RZ,ZV

(Czizi,Czizi|r, pzizis (Chig5 CRimils PRz, QFidy . a : (12)

fori,j7=1,...,dg. The first two quantities in the above are defined even if only the P-FM holds;
the last four need both the P-FM and IV-FM to hold to be well defined.



We first show that each of the quantities in (12) can be written as
P ([Hl(c)v Gl(C)]T LR [Hﬂ(c>a GH(C)]T) )

where ¢ as well as H, and G,, for r = 1,..., k, are known real-valued functions. Each element in
this expression is of the form [H(C), G(C)]r, i.e., it is a quadratic covariation between functions
of C;. Afterwards, we present two methods to estimate [H(C), G(C)]r.

First, consider the quadratic covariation between ith and jth 1V, [CZiZiacszj]T' It can be
written as [H(C'), G(C)]r if we choose H(C}) = Czizit and G(Cy) = Czjzj4- By (4), both Cziz;4
and Cz;z; are functions of Cy. Next, consider the correlation pz; z; defined in (5). By the same
argument, its numerator and each of the two components in the denominator can be written as
[H(C),G(C)|r for different functions H and G. Therefore, pz; z; is itself a known function of
three objects of the form [H(C), G(C)]r.

To show that the remaining quantities in (12) can also be expressed in terms of objects of the
form [H(C),G(C)]r, note that the IV-FM implies

bz; = (L M7) ' [IL,Czizslr and [C3%;, CYiyilr = [Crizi, Czjzslr — by [T Mrbz;,

fori,j = 1,...,ds. Since Czizit, Czjz;t and every element in II; are real-valued functions of
Cy, the above equalities imply that all quantities of interest in (12) can be written as real-valued,
known functions of a finite number of quantities of the form [H(C), G(C)]r.

We now discuss the estimation of [H(C), G(C)]r. Suppose we have discrete observations on Y;
over an interval [0, T]. Denote by A,, the distance between observations. It is well known that that
we can estimate the spot covariance matrix C; at time (i — 1)A,, with a local truncated realized

volatility estimator (Mancini (2001)),

n

)

kn—1
1 n n T
6= A (A Y)ALY) Lyjar, vi<xaz) (13)

§=0
where ATY = Yia, — Y;_1)a, and where k; is the number of observations in a local window.”
Throughout the paper we set @An = (éab,iAn)lga,bgd-
We propose two estimators for the general quantity [H(C), G(C)]7.% The first is based on the

analog of the definition of quadratic covariation between two [t6 processes,

AN 5 [T/An]—2kn+1 R R R R
H(C),GOlr =5— Y ((H(kanmn) ~ H(Cia,)) (G(Cixa,) — G(Cia,))
m i=1

°Tt is also possible to define more flexible kernel-based estimators as in Kristensen (2010).

SAs evident from their formulas, the computation time required for the calculation of the two estimators is
increasing with the number of stocks and factors d. To ease the implementation of the procedure, we compute all
the quantities of interest for pairs of stocks which means practically one needs only to set ds = 2 so that d = dr + 2.



d
2 . ~ ~ ~ ~
-— (athaabecmn)(Cga,mncgb,mn+cgb,mncha,mn)>, (14)
g;h,a,b=1

where the factor 3/2 and last term correct for the biases arising due to the estimation of volatility
Ci. The increments used in the above expression are computed over overlapping blocks, which
results in a smaller asymptotic variance compared to the version using non-overlapping blocks.

Our second estimator is based on the following equality, which follows by the It6 lemma,

d T
—gh,ab
[H(C),GO)r= > / (8gn HOwG) (Cy) T dt, (15)
g,h,a,b=1 0
where étgh’ab denotes the covariation between the volatility processes Cyp ¢ and Cgp . The quantity
is thus a non-linear functional of the spot covariance and spot volatility of volatility matrices. Our

second estimator is based on this “linearized” expression,

d  [T/Ap]—2kn+1
_—  _LIN 3 ~
[H(C).GO)ly =5 > (9 HOwG) (Cia, ) X
2k, ;
g,h,a,b=1 =1 (16)
~ ~ ~ ~ 9 . ~ ~ ~
<(Cgh,(i+kn)An ~ Cgn,ing ) (Cap (i) An — Cabin,) — E(Cga,iAanb,iAn + Cgb,iAnCha,iAn)>-
Consistency for a similar estimator has been established by Jacod and Rosenbaum (2012).” We go
beyond their result by deriving the asymptotic distribution and proposing a consistent estimator

of its asymptotic variance.

Note that the same additive bias-correcting term,

[T/An]—2kn+1 d
> ( > <athaabG)(cmn)(Cga,mncgb,mn+cgb,mncha,mn)), (17)

ki i=1 g,h,a,b=1
is used for the two estimators. This term is (up to a scale factor) an estimator of the asymptotic
covariance between the sampling errors embedded in estimators of fOT H(Cy)dt and fOT G(Cy)dt
defined in Jacod and Rosenbaum (2013).
The two estimators are identical when H and G are linear, for example, when estimating the
covariation between two volatility processes. In the univariate case d = 1, when H(C) = G(C) = C,
our estimator coincides with the volatility of volatility estimator of Vetter (2012), which was

extended to allow for jumps in Jacod and Rosenbaum (2012). Our contribution is the extension of

this theory to the multivariate d > 1 case with nonlinear functionals.

"Jacod and Rosenbaum (2012) derive the probability limit of the following estimator:

d
3 ~ . o ~ 2 _ .
o Z (Ogn,aH)(Cin,) ((C(i+knmn— i3 ) (Clithn)An —Cmn)—kf(c'ga,m” Cyb,in, +Cgbin, Cha,iAn))~



4 Asymptotic Properties

In this section, we first outline the full list of assumptions for our asymptotic results. We then
state the asymptotic distribution for the general functionals introduced in the previous section,
and develop estimators for the asymptotic variance. Finally, we outline three statistical tests of

interest that follow from our theoretical results.

4.1 Assumptions
Recall that the d-dimensional process Y; represents the (log) prices of stocks, S;, and factors Fy.

Assumption 1. Suppose Y is an Ité semimartingale on a filtered space (0, F, (Ft)e>0,P),

t t t
Yt:YO—l—/ bsds+/ USdWS—i-/ /5(s,z),u(ds,dz),
0 0 0 JE

where W is a d'-dimensional Brownian motion (d' > d) and p is a Poisson random measure on
Ry X E, with E an auziliary Polish space with intensity measure v(dt,dz) = dt @ A\(dz) for some o-
finite measure X\ on E. The process b, is R%-valued optional, oy is RY xRY -valued, and § = o(w,t, z)
is a predictable R? -valued function on Q x Ry x E. Moreover, ||§(w,t A Ty (w), 2)|| A1 < Tpu(2),
for all (w,t,z), where (Tp,) is a localizing sequence of stopping times and, for some r € [0,1], the
function Ty, on E satisfies [, Tp(2)"A(dz) < co. The spot volatility matriz of Y is then defined

as Cy = atatT. We assume that Cy is a continuous Ité semimartingale,®
t t
Cy = CY +/ bsds+/ osdWs. (18)
0 0

where b is R? x Re-yalued optional.

With the above notation, the elements of the spot volatility of volatility matrix and spot
covariation of the continuous martingale parts of X and c are defined as follows,

! d/
—gh,ab ~gh,m~abm ~/g,ab gm~ab,m
Cy = Z g o, 0, Cf = Z oy o, . (19)
m=1

m=1

We assume the following for the process o¢:

Assumption 2. g; is a continuous Ité semimartingale with its characteristics satisfying the same

requirements as that of Ct.

Assumption 1 is very general and nests most of the multivariate continuous-time models used in
economics and finance. It allows for potential stochastic volatility and jumps in prices. Assumption
2 is required to obtain the asymptotic distribution of estimators of the quadratic covariation

between functionals of the spot covariance matrix C;. It is not needed to prove consistency.

8Note that &s = (59"™) is (d x d x d’)-dimensional and &,dWs is (d x d)-dimensional with (F,dW,)"* =
S AW,

m=1"8

10



This assumption also appears in Vetter (2012), Kalnina and Xiu (2015) and Wang and Mykland
(2014).

4.2 Asymptotic Distribution

We have seen in Section 3 that all quantities of interest in (12) are functions of multiple objects of
the form [H(C), G(C)]r. Therefore, if we can obtain a multivariate asymptotic distribution for a
vector with elements of the form [H(C), G(C)|r, the asymptotic distributions for all our estimators
follow by the delta method. Presenting this asymptotic distribution is the purpose of the current
section.

Let Hy,G4,...,H, G, be some arbitrary elements of G(p) defined in equation (6). We are
interested in the asymptotic behavior of vectors

_— AN — ANNT — LIN — LIN\ T

(IF(C), GL (O v, [HAC),Gu(C)]y ) and ([HL(C),GA(O)]y -, [HA(C), Gu(C)]y )
The smoothness requirement on the different functions H; and G/ is useful for obtaining the asymp-
totic distribution of the bias correcting terms (see for example Jacod and Rosenbaum (2012) and
Jacod and Rosenbaum (2013)). The following theorem summarizes the joint asymptotic behavior

of the estimators.

Theorem 1. Let [H,(C),G,(C)]; be either [H.(C),G.(C)lp or [H.(C),Gr(C)];  defined in
(14) and (16), respectively. Suppose Assumption 1 and Assumption 2 hold. Fizx k, = 9A;1/2 for
some 0 € (0,00) and set (8p —1)/4(4p —r) < w < 5. Then, as A, — 0,

[H(C), G1(C)) — [H1(C). G1(CO)]r

L8 MN(0, ), (20)

o —

where Xp = (E%S denotes the asymptotic covariance between the estimators [H,.(C), G, (C)]p

) 1<r,s<k
and [H(C),Gs(C)]p. The elements of the matrix Y are

s _ s (1) 55(2) 15,(3)
E;_'S — Z;S + E;—‘S + E;S ,

d d T
r,S 6 .
ik ,<1>:(73 >y /O (Ogh Hy 00t G 01, H 5011 G5 (Css)) [ct(gh,;k)ct(ab,m)

g,h,a,b=1 j,k,l,m=1

+ Cu(ab, jk)Ci(gh, im) |,

d d T
rs 1516 —gh,jk—=ablm  —=ab,jk—=gh,lm
7 ’(Q)ZW >y / (0gn H, 0 G101 Hs O G5 (Cy)) [Cf oyt L e dt,
g, hab=1jkl,m=1"0
s _ 3 s y (O H 0oy Co Hohn G (C) [ Co(gh 5HYT™ 4 € ook
T :% Z Z 0 (gh rUabTrUjgllsUim s( t))[ t(gh,]k) t + t(ab,lm) t

g,h,(l,bzl jvkvlymzl
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+ Cy(gh, Im)C* + Oy (ab, jk)TI™ dt,
with
Ci(gh,jk) = Cyj tChit + CortChijt-

The convergence in Theorem 1 is stable in law (denoted L-s, see for example Aldous and
Eagleson (1978) and Jacod and Protter (2012)). The limit is mixed gaussian and the precision of the
estimators depends on the paths of the spot covariance and the volatility of volatility process. The
rate of convergence A, 1/4 has been shown to be the optimal for volatility of volatility estimation
(under the assumption of no volatility jumps).

The asymptotic variance of the estimators depends on the tuning parameter # whose choice
may be crucial for the reliability of the inference. We document the sensitivity of the inference

theory to the choice of the parameter 6 in a Monte Carlo experiment (see Section 5).

4.3 Estimation of the Asymptotic Covariance Matrix

To provide a consistent estimator for the element X" of the asymptotic covariance matrix in

Theorem 1, we introduce the following quantities:

. d d [T/AR]—4kn+1 R R R
Q =A, Z Z (8thT8abGr8ijsalmGs(C[‘)) {CZA” (gh, jk)ClAn (ab, lm)
g,h,a,b=1 j,k,l,m=1 i=1

+ aiAn (ab7 ]k)CzAn (gh7 lm):| 3

d [T/AR]—4kn+1

~ 1 ghanjkanab ~n,i
Z Z Z (0gn H: 00 G 01, Hs O G5 (C7') ) [Q%ng VT A ot ik T
g,h,a,b=1 j,k,l,m=1

lAn ,ab~nlm~n,gh ~n,jk + lAn ab/\n,]k/\n,gh ~n,lm + n,gh~n,Ilm-~n,ab ~n,jk
7 7 142k, 1142k, 7 1+2kn z+2 n 7 7 z+2 n 114+2kn |
27 Vi Vigt2k, Yitok 2’7 Yitok, Yitok 27 Vi Vigt2k, Yitok
[T/An]—4kn+1
~rs, ~
Q E E E (8thT8abGr8ij581mGs(Cf)) X
g h,a,b=1 j,k,l;m=1 =1

[cm (gh, jEYA A 4+ Cin,, (aby Im)A 37 * 4 Cin,, (gh, Im)F717% + (Cia, (ab, jE)AIAT lm},

ik ik An,jk ~ . ~ ~ ~ ~
with 3" = 9% — C" and Cia, (gh, jk) = (Cyjin, Chiin, + Corin, Chjia,)-

The following result holds,

Theorem 2. Suppose the assumptions of Theorem 1 hold, then, as A, — 0

rs P 7,8, 1
0739 W) By gre® (21)
% Q@ _ g ars) By gre) (22)
1510 9 ~rs,(2) Aars,(1) arsB3)1 P s (2)
T gt 929 a 79 = 2
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The estimated matrix ﬁT is symmetric but is not guaranteed to be positive semi-definite. By
Theorem 1, f]T is positive semi-definite in large samples. An interesting question is the estimation
of the asymptotic variance using subsampling or bootstrap methods, and we leave it for future
research.

Remark 1: Results of Jacod and Rosenbaum (2012) and a straightforward extension of The-
orem 1 can be used to show that the rate of convergence in equation (21) is A, 1/ 2, and the rate

of convergence in (23) is A" The rate of convergence in (22) can be shown to be AV,

(2)

Remark 2: In the one-dimensional case (d = 1), much simpler estimators of X7 can be

constructed using the quantities 7" " k‘y\flmﬁyﬁiﬁ‘y\:ﬁi or 3, o k‘y\flmﬁy\z" ’gh;y\i Y as in Vetter (2012).
However, in the multidimensional case, the latter quantities do not identify separately the quantity
ajk’lmagh’my since the combination @jk’lmagh’xy + aj k’ghalm’x‘y + @j k’xyagh’lm shows up in a
non-trivial way in the limit of the estimator.

—_— —_— AN —_ LIN
Corollary 3. Forl <r <k, let [H.(C), G,(C)]y be either [H,(C),G.(C)|; or[H,(C),Gr(C)]y

defined in (16) and (14), respectively. Suppose the assumptions of theorem 1 hold. Then,

—

[H1(C), G1(C)]y — [H1(C), G1(O)]r
AGVAS 2 : Ly N0, I,). (24)
[Hi(C),Gu(C)ly — [Hu(C), Gu(C)]r

In the above, we use the notation L to denote the convergence in distribution and I, the
identity matrix of order x. Corollary 3 states the standardized asymptotic distribution, which
follows directly from the properties of stable-in-law convergence. Similarly, by the delta method,
standardized asymptotic distribution can also be derived for the estimators of the quantities in
(12). These standardized distributions allow the construction of confidence intervals for all the

latent quantities of the form [H,(C), G,(C)]r and, more generally, functions of these quantities.

4.4 Tests

Empirical section below considers three statistical tests that can be constructed based on Theorems

1 and 2. First, we test for absence of dependence between the I'Vs of the returns on assets ¢ and j,
Hy : [Cgizi, Czjzilr =0 vs Hi : [Crizi,Crizjlr # 0.
The null hypothesis Hg is rejected when

A1/ ‘[CZiZ/ivEZij]T‘

n

> Zg.

\/AVAR (CZiZia CZij)
Second, we test for absence of dependence between the IV of stock j and all IV factors II,

Hg : [CZij,H]T =0 vs H12 : [CZijaﬂ]T 75 0.
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The null hypothesis Hg is rejected when

8 (ICagz M) (AVAR(Coyp M) (O My > K (29

where di; denotes the number of IV factors. Finally, we test for absence of dependence between
the NS-IVs,

H; + [Ci%:: Cozilr =0 vs HY : (O35, Cigslr #0,

and reject the null if

5 ANS

\/ AVAR(CYS,CH,)

Our inference theory also allows to test more general hypotheses, which are joint across any
—_— —_— AN

subset of the panel. In the above statements, [H(C), G(C)], can be either [H(C),G(C)]; or

—— LIN _— )
[H(C),G(C)|y ,AVAR (H(C’), G(C’)) is an estimate of the asymptotic variance of [H (C'), G(C)],
Zq, stands for the (1 — «) quantile of the N(0,1), and qu,l—a stands for (1 — «) quantile of the Xc%q

A71/4

n

> Zg. (26)

distribution. For the first two tests, the expression for the true asymptotic variance is obtained
using Theorem 1 and its estimation follows from Theorem 2. The asymptotic variance of the third
test is obtained by an application of the delta method to the convergence result in Theorem 1. The
expression of the AVAR for the third test involves some of the latent quantities defined in (12),
which can be estimated using either AN- or LIN-type estimators. Therefore in general, we have
two tests for each null hypothesis, corresponding to the two type of estimators for [H(C), G(C)]r.
Under P-FM and the assumptions of Theorem 1, Corollary 3 implies that the asymptotic size of
the two types of tests for the null hypotheses H& and Hg is a, and their power approaches 1.
The same properties apply for the tests of the null hypotheses Hg with our P-FM and IV-FM
representations.

Theoretically, it is possible to test for absence of dependence in the IVs at each point in time.
In this case the null hypothesis is H(’]1 :C2izi,Czjzls =0 for all 0 <t < T, which is, in theory,
stronger than our H(’]l. In particular, Theorem 1 can be used to set up Kolmogorov-Smirnov type
of tests for H(')l in the same spirit as Vetter (2012). However, we do not pursue this direction in
the current paper for two reasons. First, the testing procedure would be more involved. Second,
empirical evidence suggests nonnegative dependence between Vs, which means that in practice,

it is not too restrictive to assume [Cyz;zi, Cz;z;]¢ > 0 Vt, under which H& and Hél are equivalent.

5 Monte Carlo

This section investigates the finite sample properties of our estimators and tests. The data gen-

erating process (DGP) is similar to that of Li, Todorov, and Tauchen (2013) and is constructed
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as follows. Denote by Y; and Y5 log-prices of two individual stocks, and by X the log-price of
the market portfolio. Recall that the superscript ¢ indicates the continuous part of a process. We

assume
dX; = dX§ + dJss, dX{ = \Jex AW,
and, for j = 1,2,
dYj, = BdX{ +dY S, + dJjy, dYS, = \Jez;:dWjy.

In the above, cx is the spot volatility of the market portfolio, Wl, and Wg are Brownian motions
with Corr(dWLt,qu) = 0.4, and W is an independent Brownian motion; Ji,Js, and Js are
independent compound Poisson processes with intensity equal to 2 jumps per year and jump size
distribution N(0,0.022). The beta process is time-varying and is specified as 8; = 0.5-+0.1 sin(100t).

We next specify the volatility processes. As our building blocks, we first generate four processes

fi, ..., fa as mutually independent Cox-Ingersoll-Ross processes,

dfy.e = 5(0.00 — f10)dt + 0.35\/f17t< —0.8dW; + /1 - 0.82dBl,t),
dfﬁt = 5(0.09 — fj,t)dt + 0.35\/f1,tdBj,t , for j =2,3,4,

where By, ..., By and independent standard Brownian Motions, which are also independent from
the Brownian Motions of the return Factor Model.” We use the first process fi as the market
volatility, i.e., cx; = fi:. We use the other three processes fa, f3, and f;4 to construct three
different specifications for the IV processes cz1; and cza, see Table 1 for details. The common
Brownian Motion W; in the market portfolio price process X; and its volatility process cx; = fi
generates a leverage effect for the market portfolio. The value of the leverage effect is -0.8, which
is standard in the literature, see Kalnina and Xiu (2015), Ait-Sahalia, Fan, and Li (2013) and
Ait-Sahalia, Fan, Laeven, Wang, and Yang (2013).

CZ1t CZ2t
Model 1 0.14+1.5f; 0.1+1.5f3;
Model 2 0.1+ 0.6¢cx, +0.4f2; 0.140.5¢cx¢ +0.5f3;

Model 3 0.1+ 0.45¢x; + fay +0.4f1; 0.1+ 0.35¢x, 4+ 0.3f3, 4 0.6f1,

Table 1: Different specifications for the Idiosyncratic Volatility processes cz; :and czz ;.

We set the time span T equal 1260 or 2520 days, which correspond approximately to 5 and 10
business years. These values are close to those typically used in the nonparametric leverage effect
estimation literature (see Ait-Sahalia, Fan, and Li (2013) and Kalnina and Xiu (2015)), which

is related to the problem of volatility of volatility estimation. Each day consists of 6.5 trading

9The Feller property is satisfied implying the positiveness of the processes (fj¢)1<j<a-
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hours. We consider two different values for the sampling frequency, A, = 1 minute and A,, = 5
minutes. We follow Li, Todorov, and Tauchen (2013) and set the truncation threshold u,, in day ¢
at 33tA2'49, where o0y is the squared root of the annualized bipower variation of Barndorfl-Nielsen
and Shephard (2004). We use 10 000 Monte Carlo replications in all the experiments.

We first investigate the finite sample properties of the estimators under Model 3. The considered

estimators include:

e the IV factor loading of the first stock (bz1),

e the contribution of the market volatility to the variation of the I'V of the first stock (RQZ’{V_FM) )

e the correlation between the idiosyncratic volatilities of stocks 1 and 2 (,021, Zg),
e the correlation between non-systematic idiosyncratic volatilities (pgf Z2)v

The interpretation of simulation results is much simpler when the quantities of interest do not
change across simulations. To achieve that, we generate once and keep fixed the paths of the
processes Cx x; and ( fj,t)0§j§27 and replicate several times the other parts of the DGP. In Table
2, we report the bias and the interquartile range (IQR) of the two type of estimators for each
quantity using 5 minutes data sampled over 10 years. We choose four different values for the width
of the subsamples, which corresponds to § = 1.5,2, 2.5 and 3 (recall that the number of observations
in a window is k, = 0/y/A,,). It seems that larger values of the parameters produce better results.
Next, we investigate how these results change when we increase the sampling frequency. In Table
3, we report the results with A,, = 1 minute in the same setting. We note a reduction of the bias
and IQR at all levels of significance. However, the magnitude of the decrease of the IQR is very
small. Finally, we conduct the same experiment using data sampled at one minute over 5 years.
Despite using more than twice as many observations than in the first experiment, the precision
is not as good. In other words, increasing the time span is more effective for precision gain than
increasing the sampling frequency. This result is typical for A}/ 4-convelfgemt estimators, see, e.g.,
Kalnina and Xiu (2015).

Next, we study the size and power of the three statistical tests as outlined in Section 4.4. We
use Model 1 to study the size properties of the first two tests: the test of the absence of dependence
between the IVs (H& 1 [Cz121, Cz222)7 = 0), and the absence of dependence between the IV of the
first stock and the market volatility (H? : [Cz121,Cxx]r = 0). We use Model 2 to study the size
properties of the third test (H{ : [C’ZZ\QSZ17 C']ZVQSZQ]T = 0). Finally, we use Model 3 to study power
properties of all three tests.

The upper panel Tables 5, 6, and 7 reports the size results while the lower panels shows the
results for the power. We present the results for the two sampling frequencies (A, = 1 minute and
A, = 5 minutes) and the two type of tests (AN and LIN). We observe that the size of three tests

are reasonably close to their nominal levels. The rejection probabilities under the alternatives are
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AN LIN

0 1.5 2 2.5 3 1.5 2 2.5 3

Median Bias

b -0.047  -0.025  -0.011  -0.003 -0.006  0.001  0.009  0.015

RVFM 0176 0130 0103 0.085 0181 0140  0.112  0.092
71,22 0288 -0.212  -0.163  -0.133  -0.249  -0.190  -0.146  -0.120
e 0189 -0.113  -0.064  -0.034 -0.150  -0.091  -0.047  -0.021

IQR

[ 0222 0166 0138 0121 0226 0168 0139  0.122

RZIVEM 10210 0188 0172 0152 0181 0166  0.152  0.140
pz1,72 0.404 0325  0.263 0223 0338 0283 0237  0.205
P2t 72 0.456  0.384  0.315 0272 0388  0.337 0285  0.250

Table 2: Finite sample properties of our estimators using 10 years of data sampled at 5 minutes. The true
values are bz = 0.450, R "F'M = 0.342, pz1 70 = 0.523, ngzg = 0.424.

AN LIN

0 1.5 2 2.5 3 1.5 2 2.5 3

Median Bias

[ -0.022  -0.012  -0.003  0.004 -0.003 -0.000  0.006  0.012

RIV-FM | 0107 0.091 0073 0056 0113 0095 0075  0.058
p21,22 -0.147  -0.104  -0.073  -0.048  -0.133  -0.097  -0.067  -0.042
Pyt 2 -0.135  -0.086  -0.058  -0.039  -0.119  -0.078  -0.052  -0.032

IQR

b1 0.156  0.112  0.088  0.075  0.157  0.112  0.088  0.075

RIV-FM | 0201  0.146  0.118  0.100 0184  0.138  0.113  0.096
P21,22 0.340  0.238  0.184  0.150 0309  0.226  0.177  0.145
PYL 72 0.417 0291  0.228  0.184 0378 0274 0217  0.177

Table 3: Finite sample properties of our estimators using 10 years of data sampled at 1 minute. The true
values are bz1 = 0.450, Ry ™™ = 0.336, pz1,22 = 0.514, p}; 4, = 0.408.
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AN LIN
0 1.5 2 2.5 3 1.5 2 2.5 3
Median Bias

bz -0.019  -0.011  -0.007  0.000  -0.001  -0.001  0.002  0.008

RZVEM 0115 0.096 0081  0.069 0119  0.100  0.084  0.071
71,72 -0.168  -0.101  -0.064 -0.038  -0.149  -0.092  -0.057  -0.033
YL -0.141  -0.079  -0.035  -0.007  -0.127  -0.067  -0.029  -0.001

IQR

b 0215 0159  0.128  0.110 0216 0158  0.129  0.110

RVEM 10282 0204 0168  0.144 0260 0194  0.161  0.139
pz1,22 0.472 0337 0263 0213 0436 0319 0252  0.206
Py 1 0.541 0412 0324 0266 0510 0391 0311  0.256

Table 4: Finite sample properties of our estimators using 5 years of data sampled at 1 minute. The true
values are bz1 = 0.450, Ry ™™ = 0.35, pz1,20 = 0.517, p§f 5, = 0.417.

rather high, except when the data is sampled at 5 minutes frequency and the nominal level at 1%.
We note that the tests based on LIN estimators have better testing power compared to those that
build on AN estimators. Increasing the window length induces some size distortions but is very
effective for power gain. Consistent with the asymptotic theory, the size of the three tests are closer
to the nominal levels and the power is higher at the one minute sampling frequency. Clearly, the
test of absence of dependence between IV and the market volatility has the best power, followed by
the test of absence of dependence between the two IVs. This ranking is compatible with the notion
that the finite sample properties of the tests deteriorate with the degree of latency embedded in
each null hypothesis.

A, = 5 minutes A,, = 1 minute

=15 0 =20 0=25 =15 0=20 0 =25
Type of the test AN LIN AN LIN AN LIN AN LIN AN LIN AN LIN
Panel A : Size Analysis-Model 1
a = 10% 9.7 10.6 106 126 9.7 10.3 10.2 9.7 100 10.2 9.8 10.2
a=5% 4.7 51 45 5.3 4.8 5.6 53 53 52 53 49 5.1
a=1% 09 1.1 09 1.2 09 1.1 1.1 11 1.2 11 1.0 1.0
Panel B : Power Analysis-Model 3
a = 10% 20.5 31.5 35.7 483 53.3 6538 33.9 41.0 656 71.6 88.0 91.2
a=5% 119 21.0 239 3576 40.6 534 22.3 295 528 598 79.6 84.4
a=1% 33 69 87 156 184 28.6 8.9 124 286 34.5 574 64.1

Table 5: Size and Power of the test of absence of dependence between idiosyncratic volatilities for T =
10 years.

18



A, = 5 minutes A, = 1 minute
0=1.5 f=2.0 0=25 f=1.5 f=2.0 0 =25
Type of test AN LIN AN LIN AN LIN AN LIN AN LIN AN LIN

Panel A : Size Analysis-Model 1
a=10% 12.1 10.2 10.0 10.6 9.8 11.0 11.0 104 10.3 104 104 10.4
a=5% 6.2 50 45 52 46 54 55 54 52 51 52 53
a=1% 1.5 1.0 08 1.0 09 1.2 .1 1.1 1.0 09 08 1.0

Panel B : Power Analysis-Model 3
a=10% 60.0 69.0 84.0 883 94.6 96.1 91.1 933 99.2 994 100 100
a=5% 477 572 75.0 81.0 89.6 92.6 84.9 88.2 982 986 100 100
a=1% 24.1 323 522 60.1 73.7 789 67.7 72.0 93.0 945 99.2 994

Table 6: Size and Power of the test of absence of dependence between the idiosyncratic volatility and the
market volatility for T' = 10 years.

A, = 5 minutes A,, = 1 minute
=15 0 =20 0=25 =15 0=20 =25
Type of test AN LIN AN LIN AN LIN AN LIN AN LIN AN LIN

Panel A : Size Analysis-Model 2
a = 10% 10.0 10.1 12.1 10.8 9.9 126 10.1 103 10.6 11.3 10.1 11.4
a=5% 50 63 51 6.3 51 6.7 55 55 53 59 52 6.0
a=1% 1.1 15 08 16 11 14 .1 1.2 1.3 1.3 13 1.5

Panel B : Power Analysis-Model 3
a=10% 13.7 19.2 16.8 23.0 28.1 36.9 19.0 222 35.0 394 534 583
a=5% 74 113 93 142 18.3 25.2 11.0 13.7 239 28.0 40.0 449
a=1% 1.6 31 23 39 6.0 95 29 40 93 11.6 18.8 222

Table 7: Size and Power of the test of absence of dependence between NS-IVs for T' = 10 years.
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6 Empirical Analysis

We apply our methods to study the cross-sectional dependence in IV using high frequency data.
One of our main findings is that stocks’ idiosyncratic volatilities co-move strongly with the market
volatility. This is a quite surprising finding. It is of course well known that the total volatility of
stocks moves with the market volatility. However, we stress that we find that the strong effect is
still present when considering the idiosyncratic volatilities.

We use full record transaction prices from NYSE TAQ database for 30 constituents of the
DJIA index over the time period 2003-2012, see Table 8. After removing the non-trading days,
our sample contains 2517 days. The selected stocks were the constituents of the DJIA index
in 2007. We also use the high-frequency data on nine industry Exchange-Traded Funds, ETFs
(Consumer Discretionary, Consumer Staples, Energy, Financial, Health Care, Industrial, Materials,
Technology, and Utilities), and the high-frequency size and value Fama-French factors, see Ait-
Sahalia, Kalnina, and Xiu (2014). For each day, we consider data from the regular exchange
opening hours from time stamped between 9:30 a.m. until 4 p.m. We clean the data following
the procedure suggested by Barndorff-Nielsen, Hansen, Lunde, and Shephard (2008), remove the
overnight returns and then sample at 5 minutes. This sparse sampling has been widely used in the
literature because the effect of the microstructure noise and potential asynchronicity of the data
is less important at this frequency, see also Liu, Patton, and Sheppard (2014).

The parameter choices for the estimators are as follows. Guided by our Monte Carlo results,
we set the length of window to be approximately one week for the estimators in Section 3 (this
corresponds to 8 = 2.5 where k, = 0A, 1/2 is the number of observations in a window). The
truncation threshold for all estimators is set as in the Monte Carlo study (35;A%4 where 57 is the
bipower variation).

Figures 4 and 5 contain plots of the time series of the estimated R%/j of the price factor model
(P-FM) for each stock.!'” Each plot contains monthly R%,j from two price factor models, CAPM
and the Fama-French regression with market, size, and value factors. Figures 4 and 5 show that
these time series of all stocks follow approximately the same trend with a considerable increase
in the contribution around the crisis year 2008. Higher R?;j indicates that the systematic risk is
relatively more important, which is typical during crises. R%,j is consistently higher in the Fama-
French regression model compared to the CAPM regression model, albeit not by much. We proceed
to investigate the dynamic properties of the panel of idiosyncratic volatilities.

We first investigate the dependence in the (total) idiosyncratic volatilities. Our panel has 435

pairs of stocks. For each pair of stocks, we compute the correlation between the IVs, pz; 7;. All

S Czjzjedt

./ST CY;Y]j’,tdt‘ We
estimate ngj using the general method of Jacod and Rosenbaum (2013). The resulting estimator of R%/j requires a
choice of a block size for the spot volatility estimation; we choose two hours in practice (the number of observations
in a block, say I, has to satisfy I2A,, — 0 and I2A,, — 00, so it is of smaller order than the number of observations
k» in our estimators of Section 3).

10 For the j' stock, our analog of the coefficient of determination in the P-FM is Ri,j =1-
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pairwise correlations are positive in our sample, and their average is 0.55. Figure 1 maps the
network of correlations. We simultaneously test 435 hypotheses of non-correlation, and Figure 1
only plots the correlations where the null is rejected. There are many pairs, for which the null
is rejected. Overall, Figure 1 shows that the cross-sectional dependence between the IVs is very
strong.

Could missing factors in the P-FM provide an explanation? Omitted price factors in the P-
FM are captured by the idiosyncratic returns, and can therefore induce correlation between the
estimated IVs, provided these missing price factors have non-negligible volatility of volatility. To in-
vestigate this possibility, we consider the correlations between idiosyncratic returns, Corr(Z;, Zj).11
Table 9 presents a summary of how estimates Corr(Z;, Z;) are related to the estimates of correlation
in IVs, pz; z;. In particular, different rows in Table 9 display average values of pz; z; among those
pairs, for which C/'OE’(Z“ Zj) is below some threshold. For example, the last-but-one row in Table
9 indicates that there are 56 pairs of stocks with C/’OE’(Zi, Z;) < 0.01, and among those stocks,
the average correlation between IVs, pz; z;, is estimated to be 0.579. We observe that pz; z; is
virtually the same compared to pairs of stocks with high Corr(Z;, Z;). These results suggest that
missing return factors cannot explain dependence in IVs for all considered stocks. This finding is
in line with the empirical analysis of Herskovic, Kelly, Lustig, and Nieuwerburgh (2014) with daily
and monthly returns.

To understand the source of the strong cross-sectional dependence in the I'Vs, we consider the
Idiosyncratic Volatility Factor Model (IV-FM) of Section 2. We first use the market volatility as
the only IV factor.!? Table 10 reports the estimates of the IV loading (/Z;Zz) and the R? of the
IV-FM (R2Z’{V_FM, see equation (9)). Table 10 uses two different definitions of IV, one defined with
respect to CAPM, and a second IV defined with respect to Fama-French three factor model. For
every stock, the estimated IV factor loading is positive, suggesting that the idiosyncratic volatility
co-moves with the market volatility. Next, Figure 2 shows the implications for the cross-section
of the one-factor IV-FM when the IV is defined with respect to CAPM. The average pairwise
correlations between the residual IVs, pz; z;, decrease to 0.25. However, the market volatility
cannot explain all cross-sectional dependence in residual IVs, as evidenced by the remaining links
in Figure 2.

Finally, we consider an IV-FM with ten IV factors, market volatility and the volatilities of

nine industry ETFs. Figure 3 shows the implications for the cross-section of this ten-factor IV-

1 Our measure of correlation between the idiosyncratic returns dZ; and dZ; is
T
fo Czizjdl
b
T T
\/fo CZiZi,tdt\/fo Czjzjdt

where Cziz;, is the spot covariation between Z; and Z;. Similarly to R%j, we estimate Corr(Z;, Z;) using the
method of Jacod and Rosenbaum (2013).

12We also considered the volatility of size and value Fama-French factors. However, both these factors turned out
to have very low volatility of volatility and therefore did not significantly change the results.

Corr(Z;, Z;) = i,j=1,...,ds, (27)
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FM when the 1V is defined with respect to CAPM. The average pairwise correlations between
the residual IVs, pz; z;, decrease further to 0.18. However, significant dependence between the
residual I'Vs remains, which can be seen as the remaining links in Figure 2. Our results suggest
that there is room for considering the construction of additional IV factors based on economic

theory, for example, along the lines of the heterogeneous agents model of Herskovic, Kelly, Lustig,
and Nieuwerburgh (2014).
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Figure 1: The network of dependencies in total IVs. The color and thickness of each line is proportional
to the estimated value of pzi z;, the quadratic-covariation based correlation between the IVs, defined in

equation (5) (red and thick lines indicate high correlation). We simultaneously test 435 null hypotheses of
non-correlation, and the lines are only plotted when the null is rejected.
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Figure 2: The network of dependencies in residual I1Vs (NS-IVs) when the market volatility is the only IV
factor. The color and thickness of each line is proportional to the estimated value of Pg{?zj the quadratic-
covariation based correlation between the IVs, defined in equation (8), of each pair of stocks (red and thick
lines indicate high correlation). We simultaneously test 435 null hypotheses of non-correlation, and the lines

are only plotted when the null is rejected.
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Figure 3: The network of dependencies in residual IVs (NS-IVs) with ten IV factors: the market volatility
and the volatilities of nine industry ETFs. The color and thickness of each line is proportional to the
estimated value of ngzj the quadratic-covariation based correlation between the IVs, defined in equation
(8), of each pair of stocks (red and thick lines indicate high correlation). We simultaneously test 435 null
hypotheses of non-correlation, and the lines are only plotted when the null is rejected.
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Sector Stock Ticker

Financial American International Group, Inc. AlG
American Express Company AXP
Citigroup Inc. C
JPMorgan Chase & Co. JPM
Energy Chevron Corp. CvX
Exxon Mobil Corp. XOM
Consumer Staples Coca Cola Company KO
Altria MO
The Procter & Gamble Company PG
Wal-Mart Stores WMT
Industrials Boeing Company BA
Caterpillar Inc. CAT
General Electric Company GE
Honeywell International Inc HON
3M Company MMM
United Technologies UTXx
Technology Hewlett-Packard Company HPQ
International Bus. Machines IBM
Intel Corp. INTC
Microsoft Corporation MSFT
Health Care Johnson & Johnson JNJ
Merck & Co. MRK
Pfizer Inc. PFE
Consumer Discretionary The Walt Disney Company DIS
Home Depot Inc HD
McDonald’s Corporation MCD
Materials Alcoa Inc. AA
E.I. du Pont de Nemours & Company DD
Telecommunications Services AT&T Inc. T
Verizon Communications Inc. VZ

Table 8: This table lists the stocks used in the empirical application. They are the 30 constituents of DJIA
in 2007. The first column provides the Global Industry Classification Standard (GICS) sectors, the second
the names of the companies and the third their tickers.
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CAPM FF3 Model
‘C/O;‘(ZZ, ZJ)| Pairs Avg |60;“(ZZ, ZJ)’ Avg ﬁZi,Zj Pairs Avg ‘@(Zz, ZJ)‘ Avg //O\ZLZ]‘
< 0.6 435 0.038 0.510 435 0.038 0.512
< 0.5 434 0.036 0.509 434 0.037 0.512
<04 434 0.036 0.509 434 0.037 0.512
< 0.3 434 0.036 0.509 434 0.037 0.512
< 0.2 431 0.035 0.508 430 0.035 0.511
< 0.1 403 0.028 0.503 404 0.029 0.506
< 0.075 383 0.025 0.500 382 0.026 0.502
< 0.050 315 0.018 0.487 316 0.019 0.489
< 0.025 177 0.006 0.447 178 0.007 0.452
< 0.010 80 0.001 0.415 81 0.002 0.414
< 0.005 43 0.000 0.385 41 0.001 0.409

—

Table 9: Each row in this table describes the subset of pairs of stocks with |Corr(Z;, Z;)| below a threshold
in column one. The table considers two P-FMs: the left panel defines the IV with respect to CAPM, and
the right panel defines the IV with respect to the three-factor Fama-French model. In both cases, the
market volatility is the only IV factor. Each panel reports three quantities for the given subset of pairs:
the number of pairs, average absolute pairwise correlation in idiosyncratic returns, and average pairwise
correlation between IVs.
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CAPM FF3 Model

Stock | b, EQZ’IV_FM p-val b, E%IV_FM p-val
AIG | 1.49 0.02 0.093 | 1.53 0.02 0.085
AXP | 3.02 0.27 0.146 | 2.98 0.27 0.149
C 3.46 0.108 0.007 | 3.48 0.11 0.007
JPM | 2.44 0.20 0.007 | 2.46 0.21 0.006
CVvX | 1.08 0.51 0.030 | 1.07 0.51 0.030
XOM | 0.60 0.48 0.044 | 0.61 0.49 0.043
KO 0.33 0.58 0.012 | 0.33 0.58 0.011
MO | 0.44 0.35 0.001 | 0.44 0.35 0.001
PG 0.43 0.63 0.001 | 0.43 0.63 0.002
WMT | 0.45 0.58 0.006 | 0.45 0.56 0.008
BA 0.47 0.42 0.003 | 0.48 0.44 0.003
CAT | 0.69 0.49 0.009 | 0.69 0.48 0.009
GE 1.14 0.26 0.003 | 1.15 0.26 0.002
HON | 0.53 0.44 0.014 | 0.53 0.43 0.014
MMM | 0.39 0.55 0.000 | 0.38 0.54 0.000
UTX | 0.50 0.52 0.003 | 0.50 0.53 0.004
HPQ | 0.65 0.33 0.004 | 0.66 0.34 0.004
IBM | 0.35 0.48 0.011 | 0.35 0.47 0.012
INTC | 0.46 0.46 0.003 | 0.46 0.46 0.003
MSFET | 0.68 0.52 0.008 | 0.67 0.51 0.010
JNJ | 0.41 0.68 0.007 | 0.40 0.67 0.007
MRK | 0.54 0.32 0.001 | 0.54 0.32 0.001
PFE | 0.43 0.34 0.002 | 0.43 0.34 0.001
DIS | 0.57 0.48 0.001 | 0.58 0.49 0.001
HD | 0.66 0.45 0.010 | 0.66 0.45 0.010
MCD | 0.29 0.29 0.003 | 0.29 0.29 0.003
AA 3.03 0.41 0.019 | 3.04 0.42 0.018
DD | 0.61 0.59 0.001 | 0.61 0.59 0.001
T 0.76 0.45 0.003 | 0.76 0.44 0.003
VZ 0.54 0.55 0.000 | 0.54 0.54 0.001

volatility to the variation in the IVs (

see equation (25).

Table 10: Estimates of the IV factor loading @Z, see equation (7)), and the contribution of the market
ITEQZ’IV_FM, see equation (9)). The table considers two P-FMs: the left
panel defines the IV with respect to CAPM, and the right panel defines the IV with respect to the three-
factor Fama-French model. In both cases, the market volatility is the only IV factor. P-val is the p-value of

the test of the absence of dependence between the IV and the market volatility for a given individual stock,
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7 Conclusion

This paper provides tools for the analysis of cross-sectional dependencies in idiosyncratic volatilities
using high frequency data. First, using a factor model in prices, we develop inference theory for
covariances and correlations between the idiosyncratic volatilities. Next, we study an idiosyncratic
volatility factor model that holds in addition to the factor model for prices. The IV-FM decomposes
the co-movements in idiosyncratic volatilities into two parts: those related to factors such as the
market volatility, and the residual co-movements. The naive estimators of this decomposition
are inconsistent due to latency in idiosyncratic volatilities and their factors, and we provice bias-
corrected estimators as well as the relevant asymptotic theory.

Empirically, we find that our IV-FM with market volatility as the only factor can account for
a large part of the cross-sectional dependence in IVs. We find that nine additional IV factors also
have explanatory power. However, none of the considered sets of IV factors can fully explain the
cross-sectional dependencies in IVs. It therefore opens the room for the construction of additional
IV factors based on economic theory, for example, along the lines of the heterogeneous agents
model of Herskovic, Kelly, Lustig, and Nieuwerburgh (2014).
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B Proofs

Throughout, we denote by K a generic constant, which may change from line to line. When it depends on

a parameter p we use the notation K, instead. We assume by convention ) i =0 when a > a’.

B.1 Proof of Theorem 1

We prove this theorem in three steps. For simplicity, in the first two steps we focus on the estimation of
[H(C),G(C)]r with H,G € G(p). The joint estimation is discussed in Step 3.

By a localization argument (See Lemma 4.4.9 of Jacod and Protter (2012)), there exists a A-integrable
function J on E and a constant such that the stochastic processes in (18) and (19) satisfy

Bl B llell, [1E]], J < A, [6(w, t, 2)||” < J(2). (28)
Setting b = by — [ 6(L, 2)1{js(t,2) <13 A (dz) and Y/ = fot b.ds + fg osdW,, we have

Yi=Yo+ Y/ +) AY..

s<t

The local estimator of the spot variance of the unobservable process Y is given by,

kn—1
~ 1 < ~n
O = Y (ALY ALY = (O iz nza (29)
e =0

Note that no jump truncation in needed in the definition of @’" since the process Y’ is continuous. There-
~ ~ _—— LIN'
fore, it is more convenient to work with C/™ rather than C* (defined in (13)). Let [H(C),G(C)]r

_—_ AN ~ ~
and [H(C),G(C)]; be the infeasible estimators obtained by replacing C}* by C;" in the definition of
_——_ " LIN _— AN
[H(C),G(C)]y  and [H(C), G(C)]y

Stepl: Dealing with price jumps

We prove that, as long as (8p — 1)/4(4dp —r) < w < %, we have

L4 ——  LIN _—— LIN'\ p 1 _—_ AN ——  _AN'\ p
A E@),.GEO)y ~[HEC).GO)y ) =0 and A7([HC),GC)y ~[HE),GEO)r ) 0.
(30)
To show this result, let us define the functions
d
R(Z‘, y) = Z (athaabG) (l‘) (ygh - l_gh) (yab - xab)v S(I, y) = (H(y) - H(.’L‘)) (G(y) - G(x))
g,h,a,b=1
d
Uz) = Z (0gn HOapG) () (292" + 292),
g,h,a,b=1
for any R? x R? matrices z and y. The following decompositions hold,
N N g [T/8]=2knt1 o o R N
HO).GO); ~[HEO)LGOl =5 > [(S(EChy) = SEmCL,)) - - (UED -UEm)].
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— LIN — LIN' 3 [T/ An]=2kn+1

HELGON, ~HE.GO =5 Y [(REOFCh) - RECR)) - (U@ - UEM)].

i=1

By (3.11) in Jacod and Rosenbaum (2012), there exists a sequence of real numbers a,, converging to zero
such that
E(|CI — C™|9) < Kyan AR+ for any ¢ > 0. (31)

n

Since H and G € G(p), it is easy to see that the functions R and S are continuously differentiable and satisfy

107 (z, )l < K@+ o] +[ly])*~" for 1<g,hab<d and Je€ {S,R}, (32)
loU @)l < K@+ |z])*, (33)

where 0J (respectively, OU ) is a vector that collects the first order partial derivatives of the function J
(respectively, U) with respect to all the elements of (z,y) (resp z). By Taylor expansion, Jensen inequality,
(32) and (33), it can be shown that, for J € {5, R},

\J(CP,Cryy ) — TG, C ) < K+ (1G22~ + O 122D (ICR = | + |1 CEyy, — Ci
+ K||CP — G| + K||CF .. — Cifty, |? and
UCP) —UC™)| < K1+ |G PP~ )(|ICF - Ci|) + K[|CF — Co |12

)

By (3.20) in Jacod and Rosenbaum (2012), we have ]E(||@'”H”) < K,, for any v > 0. Hence by Hoélder
inequality, for € > 0 fixed,

~ 2 An ' o~ P . 1/1+4€ i _ o) /e e/1+e
E(|C [%=2Cr — Cm) < (B(ICF — G 0+9)) T (B(ICim | @rm20+e)/e))

R —~ 1/14€
< K, (E(IC; - € |+9))

e

< KpanQAp

Using the above result and (31), it easy to see that for (30) to hold, the following conditions are sufficient:

r

(2-

>0, and (2—7‘)w—|——%20.

o

1 3
— 1-Z>0, (4p-— 1-2p—
1_’_6)w—|—1_~_6 120 (4p —r)w + D

Using the fact that 0 < w < 1, and taking e sufficiently close to zero, we can see that (30) holds if

27
(8p —1)/4(4p — r) < @ < %, which completes the proof.

Step 2 : First approximation for the estimators

_—  LINI
Taking advantage of Step 1, it is enough to derive the asymptotic distributions of [H(C),G(C)];  and

/

—— ANy _—_  _LIN — AN
[H(C),G(C)]; . We show that the two estimators [H(C),G(C)];  and [H(C),G(C)]; can be approx-

1/4

imated by a certain quantity with an error of approximation of order smaller than A, '~. To see this, we

set
o A 3 d [T/AR]—2kn+1 . / N /
[H(C),G(O)p = 57— > ((athaabG) e [(qi’,ff — O (G — G
g,h,a,b=1 i=1
2 ~'n,ga /N n,hb ~N'n,gb A'n,ha
_F(Oi RO+ OO )} )
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with C7' = C(;_1)a, and the superscript A being a short for the word ”approximate”. For notational
simplicity, we do not index the above quantity by a prime although it depends on C;" instead C}* . We aim
to prove that

— LIN' —— A _—— AN’ —— A
AM(H(C),GO)y  ~H(C),GO)p) 0 and AMA([H(O),G(C)]y ~[H(C),G(O)y) 0.
(34)
To prove (34), we introduce some new notation. Following Jacod and Rosenbaum (2012), we define
= (AIY)AIY)T = O A, B =C" = CF, and 4] =Gy, — O, (35)
which satisfy
| kacl
B = i O (ol + (Cliy = DA and 7 = Bras, — 87 + An(Cly, O (36)
n n ]:O
We have
o - 4 [T/Ap]—2kn+1
[H(©),G(O)y  ~[H(O),G(O)p =5~ Y Z vl (g,h.a.b),
q,h a,b=1
v R S e d
H(O).GO)ly —[HEO)LGO =5 Y (= X (nHOwG) (" "),
n i=1 g,h,a,b=1
with

61 (9:hs0,8) = ((OnHOWG) (C;") = (9gnHOwG) (C11) )91,
= (HE@,) — HEM) (G(C,) - GEM).

By Taylor expansion, we have

d
(01 S0uG) (C;) = (O S0wG) (C) = 3 (02, nS0uG + 02, 1 GOMS ) (CI)B™
z,y=1
1 <& ‘
5 D (O onS0uG + 02, 1 SO% G+ Oy GOnS + 02, GO S ) (@B B0
Jyk,zy=1
and
S(Az,-i-k Zaghs Cn ngh+ Z kghs C’n ngh n]k Z yghS Cn ’”«gh’y;nl’y
Jik.g,h ©,y,9,h
1 n, n n,xr 1 n n, n,xr
+ 2 Z lle ghS OC S) ghﬁ y’B Jk 8 Z kxy ghS 5)7 Jk% gh% Y,
z,y,j,k,g,h J.k,x,y,9,h

for S € {H,G}, & = ACI'+ (1 = NC/*, O = ATy + (1 = As)Ciy, , COM5 = psC + (1 — pus)Cy"
for A\, g, pim, Aa, e € [0, 1]. Although ¢ and A depend on g, h, a, and b, we do not emphasize this in our

notation to simplify the exposition.
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We remind the reader some well-known results. For any continuous It6 process Z;, we have

q
E( sup || Ziyw — 2t

we[0,s]

) < Kys", and HE(Zt+S - 2) ‘]—‘tH < Ks. (37)
Set Fi* = Fi—1)a,- By (4.10) in Jacod and Rosenbaum (2013) we have,

E(' «
Combining (46), (44), (45) with Z = ¢ and the Holder inequality yields for ¢ > 2,

5

The bound in the first equation of (47) is tighter than that in (4.11) of Jacod and Rosenbaum (2012)

due to the absence of volatility jumps. This tighter bound will be useful later for deriving the asymptotic

ke —1
Z a?Jerq}]:f) < K,A%%3/2 whenever q > 2. (38)
j=0

i) < K,AY for alquOandIE(

Bi'

! ]'T) < K,AY*) and E( ”,

i ) < Kqu/4' (39)

distribution for the approximate estimator (Step 3). By the boundedness of C; and the polynomial growth
assumption, we have

< KA D2 18212 7)1

(03 GO H -+ 02, HO G (@] BT 0

Recalling & = AC" 4 (1 — A\)C;™ and using the convexity of the function 222 we can refine the last

inequality as follows:

)BT BRI IRyl < (1 4+ || BRIPED) B2 IP. (40)

Jk,xy,ab )

‘(aﬁ” GOy H + 02,y HO 0y G) (@

By Taylor expansion, the polynomial growth assumption and using similar idea as for (40), we have

Xt = Y (OgpHOwG)(CP "y = > (0gnHO 0y G + 090 GO 4y H)(CT) (37" + ﬁ" e A
g,h,a,b g,h,a,b,j,k

Z (athaabG) (a;n) - (aqhHaabG) (Czn) = Z (athaab wyG + aabGagh :EyG)(Czn)(ﬂn Ly),)/z ,gh i a® + 677«

g,h,a,b g,h,ab,z,y

with E(|@?||F) < KA, and E(|67||F") < KA, which follow by the Cauchy-Schwartz inequality together
with (47). Given that k, = 6(A,)~'/2, a direct implication of the previous inequalities is

—1/4 [T/AR]—2k,+1 —1/4 [T/AR]—2k,+1

An n
32kn > w0 and 32]% > Do
i=1 i=1
Therefore, in order to prove the two claims in (34), it suffices to show

3A_1/4 [T/AR]—2k,+1 »

o Z (athajzk,abG + atha]Q'k,abG)(Czn) ’gh%n ab%wk — 0, (41)

n i=1 g,h,a,b,j.k

3A_1/4 [T/An]—2kn+1 »

o Z (8th832k,abG + athagz'k,abG)(Cmﬂn gh%n ab%n]k — 0. (42)

i=1 g.h,ab,jk

35



For any cadlag bounded process Z, we set

0<u<s

Ne,s(Z) = \/E( sup || Zg4u — Zt||2|]:f)a

0<u<jA,

ni(Z) = \/E( sup | Zi-1ya, +u — Z(z‘—l)AnHZV‘T)-

In order to prove (41) and (42), we introduce the following lemmas.

Lemma 1. For any cddlag bounded process Z, for allt,s >0, j,k >0, set n,.s =n (Z). Then,

[t/An] [t/An]
AE( S ) 0 AE(Y ma, ) 0,
1=1 =1
(t/An]

E(ni-i-j,ku:;l) < Nij+k and AnE( > 77i,4kn) — 0.
i=1
The first three claims of Lemma 6 are proved in Jacod and Rosenbaum (2012). The last result can be proved
similarly to the first two.

Lemma 2. Let Z be a continuous It6 process with drift b7 and spot variance process CZ, and set Nts =
ne.s(bZ,c¢?). Then, the following bounds hold:

E(Z|Fo) — thg | < Ktnoy
E(Z] ZF —tCE%| Fo)| < Kt*/2(V/ Ay +10,)
E((Z] 2f —tCyM)(CP™ — CP™)|Fo)| < K#?
(
(

E ijk th7rL|]: ) _AQ(COZJ]{:COZ,lm+C()Z,jlc()Z7km+C()Z7ijOZ,kl)| S Kt5/2
E(Z! ZF Zl| Fy)| < Kt?

E E § ) Ik ZJmJm
HZJZLFO _ C Jl]u ]k]k/co JmIm!

<l k<k’ m<m/’

S Kt7/2

The first four claims of Lemma 7 are parts of Lemma 4.1 in Jacod and Rosenbaum (2012). The two remaining

statements can be shown similarly.

Lemma 3. Let (" be a r-dimensional F]' measurable process satisfying ||E(CP|F,)|| < L andIE(HC"H ‘ ) <

L,. Also, let o} be a real-valued F]'-measurable process with E<||<p?+j71|| ’.7:2-71) < L? for ¢ > 2 and
1< 5 <2k, —1. Then, we have

2k —
('S et

K2

]—'-"1> < K, LY(L kY? + L'k2).

Proof of Lemma 5

Set

=P (r &M =EGIFL) = E(or CNFy) = or  E(CUFR,), and " =€ — €™
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Given that |E(C|F )| < L', we have ||£]| < L'|¢? ,|. By the convexity of the function z?, which holds
for ¢ > 2, we have

2k, —1 2k, —1 2k, —1
> el < k(I X e+ Y i)
j=1 j=1 j=1
Therefore, on the one hand we have

2k, —1 2k, —1 2k, —1

[ Z &l < Kk Z €119 < Kkg~1 L' Z i1,
=1 =1 =1

which by E(||go?+j71|\q‘]:ﬁl> < L9, satisfies

2%k, —1 2k, —1
|| Z fer]H | 1 < KL/qkq ! Z E |sz+] 1|q‘ ) S Kqukgqu'
=1
On the other hand, we have (||§z+j|| |Fiy) < E(llER1190F 1) < LgL? and E(€ l+]| ' 1) = 0, where the
first inequality is a consequence of IE(HfHJ [91F7 1) < E(E191F7 1) < LgL, which follows by the Jensen
inequality and the law of iterated expectation. Hence, by Lemma B.2 of Ait-Sahalia and Jacod (2014) we
have
2%k, —1
E(] Z 5191 FI) < Ko LOLokg/.

To see the latter, we first prove that the required condition E(||||9|F/,) < L,L9) in the Lemma B.2 of
Ait-Sahalia and Jacod (2014) can be replaced by E(||E7;[|7[FL) < LgL?) for 1 < j < 2k, — 1 without

altering the result.

Lemma 4. We have:

E(,yny]k,yln lm,y;nfé}]z ,yzzr(gl; |fZL) _ ﬁ(c?7ga0?7fbb + C;ﬂﬂbc;mha)(C;ldlcghkm + Cin,jmcin,kl)
n
VAN . . —n,gh,ab  4A —n,jk,l
_ 37L (Oin,jlcin,km + CZL’]mCZL7kl)O? gh,ab 37L (Oin,gaCin,hb _ Cin,gbcin,ha)czlj m
4(]{1 A )2—n,gh,abfn,jk:,lm
- SOy < KA (A +fay,)-

Throughout, we use the expression “successive conditioning” to refer to the following equalities,

T1y1 — ToYo = To(y1 — Yo) + Yo(w1 — o) + (1 — 20)(y1 — Yo),
T1Y121 — ToYoZo = ToYo(z1 — 20) + Tozo(y1 — Yo) + Yozo(z1 — xo) + o(Yo — y1)(20 — 21)

+yo(zo — x1)(20 — 21) + 20(x0 — 1) (Yo — y1) + (21 — z0)(y1 — Yo)(21 — 20),

which hold for any real numbers xg, yo, 20, €1, y1, and 21.

37



Proof of Lemma 4
To prove Lemma 4, we first note that ~//%~™™ js Fr . or -measurable. Then, by the law of iterated

expectations, we have

n,jk_n,m _n,gh _n,ab n\ _ n,jk nlm n,gh _n,ab
B (g v ) = (3] E (719, V{58, 1T

z+2k )|'7: )

By equation (3.27) in Jacod and Rosenbaum (2012), we have

2k, A, h,ab
,gh b . hb ,gb h ng
|E(’Yz+%k %ﬂ%k | in+2kn) (Cﬁqz(llc Cln+2k CZ»qZk Cznwi ) — nT i+2k,, | < KA +77?+2k:n,2kn)a

2knAp —n,jk, n
O < KVALAYE ).

gk nlm n n,jl ~m,km n,jm ~mn,kl
|E(’Y ! 7)) — (Ci ! C; +C; 7 Ci) =

Also,

n,jk _n,Im n,gh n,ab
|]E(7 7 71 |:E(71+92k fyz+2k:

2 2kn Ay, —n,gh,ab
n n,ga n,hb n,gb n,ha ne=n »gh,a
ok, ) — . (Ciion, Citor, + Ciior, Cillon, ) — 3 Citork, }
n

)l

jk l ik l
< VAR A 4+l [T < KB AYPE (| 77)

Gkl nl
+ K/ ARE(y ™ 0ok, 2k,

s

‘Fi ) < KATL(ATL/S + ,'724]{)”)’

where the last inequality follows from Lemma 6. Using (45) successively with Z = c and Z = C (recall that
the latter holds under Assumption 2), together with the successive conditioning, we have

2 2kn Ay —n,gh,ab 2
ik _n,m n,ga n,hb ,gb n,ha gh, n,ga ~n,hb n,gb ~n,ha
|E( i {k (CHi%%, Citan, + Clion, Ciian,) + % “Ciian, — o (G neEt o)
_ Qk%A Cnghab:| ’J__.n)l < KA A1/4
anAn—n, ,a 2 ; ; 2knAn—n, JIm
|E('YZ ]k,yln lm|: (Cf,gacin,hb_'_czz,gbcin,ha) + B Cl gh b:| o |:k7(cin,jlcin,km _i_CZ_n,]mOZ_n,kl) + ; Ci gkl

2%, A,
3

x [ epomeptt g opatopiey ¢ ReBngrat et )| < KALAYS 4y, )

The last inequality yields the result.

Lemma 5. Let (I be ar-dimensional F*-measurable process satisfying ||E(C|F )| < L' andE(HCﬁ 4

271> S

Ly. Also, let ¢ be a real-valued F*-measurable process with IE(H(p?Hleq’]:{Ll) < LY for g > 2 and
1 <5 <2k, —1. Then,

(ot

Fit 1) < K LU(Lgk/® + L'kL).

We introduce some new notation. Following Jacod and Rosenbaum (2012), we define
= (ATY)APY')T = CPA,, B =C—Cp, and 4P =ty — O, (43)

which satisfy

z+] Czn-‘rj - Czn)An) and ’yzn = ﬁi-l‘k B +A ( itkn, Czn) (44)
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We remind some well-known results. For any continuous It6 process Z;, we have

q
E( sup Zt-‘,—w — Zt
we[0,s]

.7-}) < quq/Q, and HE(Zt+5 — Zt) ‘]—}H < Ks. (45)
Set Fi* = Fi—1)a,- By (4.10) in Jacod and Rosenbaum (2013), we have

(]

Combining (46), (44), (45) with Z = ¢ and the Holder inequality yields, for ¢ > 2,

5

For any cadlag bounded process Z, we set

kn—1

q
Z oz?HH }]-'z") < KqAZk,‘Z/Q whenever ¢ > 2. (46)
§=0

7)< Kya for allg > 0 and B(

n
2%

q q

By ol

]'T) < Kqu/4, and E(‘

]-"ZL) < K A4, (47)

Ne,s(Z) = \/E( sup || Ztu — ZtIIQI}"Z‘),

0<u<s

ni(Z) = \/]E( sup || Zi—1)a,+u — Z(i—l)An”2|‘Fin)'
0<u<jAn

Lemma 6. For any cddlag bounded process Z, for allt,s >0, j,k >0, and set n,s =m s(Z). Then,

[t/An] [t/An]
AE( S i) =0 AE( Y ma, ) 0,
=1 =1

(t/An]
E(Ui+j,k|ff> < i j+k and AnE< > 77i,4kn) — 0.

i=1
The first three claims of Lemma 6 are proved in Jacod and Rosenbaum (2012). The last result can be proved

similarly to the first two.

Lemma 7. Let Z be a continuous It6 process with drift term b7 and spot variance process CZ, and set
Nes = Nes(bZ,¢Z). Then, the following bounds hold:

E(Zi|Fo) — tb§ | < Kty
E(Z] Zf —tC77¥ | Fo)| < Kt¥2(V/ Ay +10,0)
E((Z] 2} —tCP7*y(CcP™ — o™ Fo)| < Kt
(
(

E(Z] 2} 2} 2"\ Fo) — AL(CEIRCE™ + ¢ et + ¢ Im et < Kt*?
E(Z ZF ZH Fo)| < Kt?

6 A3 - L o
|E(H thz | Fo) — ?n Z Z Z COZJUVCOZJMV C«OZJme/

=1 <l k<k’ m<m/’

S Kt7/2

The first four claims of Lemma 7 are parts of Lemma 4.1 in Jacod and Rosenbaum (2012). The two remaining

statements can be shown similarly.

Lemma 8. The following results hold:

[E(BI* B BN FR) | < KAYY (A 407y, ), (48)

3
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(3775 B ™ (9 — MM < KA (ALY + ), (49)
BB (e = e ™) (e — P IMIFM| < KAV A +ny,), (50)
BB/ F Ay F| < KAYHAY® + 0y, (51)
By T 9 F) < KA AN +nl'yy,). (52)

Proof of (48) in Lemma 8

We start by obtaining some useful bounds for some quantities of interest. First, using the second statement

in Lemma 7 applied to Z = Y’, we have

E(a 7| FM| < KA (VA +ni). (53)

Second, by repeated application of the Cauchy-Schwartz inequality and making use of the third and last

statements in Lemma 7 as well as (45) with Z = ¢, it can be shown that

B(a]*a " F) - A2 (et oot )| < KAy, (54)

?

Next, by successive conditioning and using the bound in (45) for Z = ¢ as well as (53) and (54) , we have
for0<u<k,—

(28| < KAV (VB + ), (55)
[B(argalln ) - a2 (cpreptn 4 opimertt) | < Kay, (56)

To show (48), we first observe that ﬂi”’jkﬁi"’lmﬂf’gh can be decomposed as

kn—1 kn—2 kn,—1
n,jk on,lm ngh n]k n,m ngh n]k n,m ngh n,gh ~n,jk ~n,Im
6 ﬂz ﬂz k‘3A3 < zu Czu k‘3A3 zu zv zv +< <zv sz
n u=0 " u=0 v=u+l
kn—2 kp—1
n,dm ~n,gh ~n,jk 2 : § : ,]k n,lm ngh n,gh ~n,jk ~n,lm n,lm ~n,gh n,jk
+Ci,u Ci,v Ci,v :| k‘3A3 7, zu ’L’U +< Czu C’L’U +Ci,u Ci,u gi,v
u=0 v=u+1

kn—3 kn—2 k,—1

7]k: nlm n,gh n,jk ~n,gh ~n,lm n,lm ~n,jk ~n,gh n,tm ~n,gh ~n,jk
]{13A3 Z Z Z |:zu 7,V 1w +<1,u sz Czw +<1,u Ci,v Ci,w +Cz,u <1',v Ci,w

n u=0 v=u+1w=v+1

h ~n,dm ~n,jk n,gh ~n,jk n,l
IRt e,

with (', = oy, + (C7y, — CF')An, which satisfies E(||¢7,[|7|F]") < KA, for ¢ > 2.
Set

kn—1 kn—=2 kp—1
,Jk nlm n,gh ,Jk n,lm ngh
g’t ]{33A3 Zczu iU zu ) gz /{,‘BA?’ Z Z Czu 7,0 zv
u=0 v=u+1
kn—2 kn,—1 kn—3 kn—2 ky—1
n ,]k nlm n,gh n ,_]k nlm ,gh
£ kWZZC G and €7 kSASE:Ei > :
u=0 v=u+1 u=0 v=u+1w=v+1

The following bounds can be established,

B (WIF)] < KAn, [E(E2)F)] < KA, [E(E(3)|F)| < KA, and
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B (4)1F)] < KAYHAY + mik,).

Proof of |[E(¢M(1)|F")| < KA,

The result readily follows from an application of the Cauchy Schwartz inequality together with the bound
E(I¢ 191F7) < KA for ¢ > 2.

Proof of [E(£(2)|F")| < KA,

Using the law of iterated expectation, we have, for u < v,
E(G G Gt 1 F) = BB G Fl s DI (57)
i+u Sit+v Sitv i) i+u i+v Sitv i+u+1 i)
By successive conditioning, (54), and the Cauchy-Schwartz inequality, we also have

1 gh 1 mh 1h , .gh gh 1 1
|E(szm<2vg |Fiut1) — Ai(CﬁfﬂCﬁfﬂ + CZL+u+1C?+Ti1) - Ai(cﬁiﬂ - )(CZL+$1 -CM)| < KAEL/2'

Given that E(| Z:_Jqﬂq’}'f) < A% the approximation error involved in replacing E(Cﬁlvm(ﬁﬁﬂ Mug1) by

A2 (OI8Ot + O (Ol ) + A2 (R — Ol (O, — C'™) n (57) is smaller than A/,
From (3.9) in Jacod and Rosenbaum (2012) we have

(a2 Femim  — CmIFM| < KAYA(VAn +07,). (58)

Since (C7,, — C

K2

(53), (54), and the fifth statement in Lemma 7 applied to Z = ¢ to obtain

) is Fj'_,-measurable, we use the successive conditioning, the Cauchy-Schwartz inequality,

[B(a (O = CRm(CLy = CRR)IFN| < KA

i+u 1
[E(af2F il (il — Oty | )| < KA (59)
E((CHI — epimyerik — o Ryemal — o) | Fr| < KA,

which can be proved using . The following inequalities can be established easily using (53), the successive
conditioning together with (45) for Z = ¢,

‘E(an,jk(cn,lg Cm,mh _|_Cn,lh Cm,mg )|-/—"1n)

3/2
i+u itu+1~i+u+1 itu+1~i+u+1 SI(An

< KA)?

7 3

n,jk n,jk n,lg n,mh n,lh n,mg n
‘E((Ci-l-u = OGOl + Ol CL ) 1A )

2

gk ,gh ,gh N/ 1
Bl H (L, = O (I, = CIED)

S KA?L/Q( V An + nan)
The last three inequalities together yield [E(&]'(2)|F/)| < KA,,.

Proof of |[E({(3)|F)| < KA,

First, note that, for u < v, we have
F n,jk ~n,lm ~n,gh FY) = E n,jk n,lmE n,gh| n Fnr 60
(CiJru Ci+u <i+v | i ) - (Ceru Ci+u (Ci+v i+u+1)‘ i ) ( )
By successive conditioning and (53) , we have

n,gh
E(a5 1 F o) < KAY? (VAR + Nigoi1,w-0)- (61)
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Using the first statement of Lemma applied to Z = ¢, it can be shown that

|E((C'Zi€ﬂh - C?i%}fkl)ﬂfﬁ) - A’ﬂ(w —v = 1)5?473&%” < K(w — U= 1)Anni+v+1,w—v < KAyll/zni-‘rv-l—l,w—v-

The last two inequalities together imply
n,gh n,gh n,gh Tn,gh /
‘E(CHZU in+v+1) - (Ci+%+1 - Ci I )An - Ai(w —v- 1)bi+qv+1‘ < KA?zp( Ay + ni+v+1,w7v)~ (62)

Since E(|§fjk|q|ff) < AY, the error induced by replacing E(CZ’_‘;H Mus1) by (C’ﬁ_fff‘_l —CMIMA, + A2 (w—
v—1) Zﬁﬁl in (60) is smaller that A2 N
Using Cauchy Schwartz inequality, successive conditioning, (59), (45) for Z = ¢ and the boundedness of b;

and C; we obtain
n,jk _n,m n,jk n,gh n
Qi Yy (Ci+u+1 -G )lJ:iJru)

K2

< KA/?

n,jk _n,min,gh n 2
Oy Oy, bi+u+1|‘7:i+u> < KA

i+u i+u it+u+1 < KA&L/ZLA?L/Q( \% An + nﬁkn)

an,jk(cn,lm _ C;z,lm)gmgh ‘]:zn)

5/4

+u 1+u+1

< KALY?

i+u i 4w i

=
=
E () (CR = POty — ) 77
=
=

(CIk = Cl M (O = OBl |77

E((Cm,jk _ Cln,jk)(cn,lm _ Ozz,lm)(cm,gh _ Cn7gh)|.FZL>

i+u 7 i+u 1+u+1 7 S KA”'

The above inequalities together yield [E(£](3)|F/)| < KA,,.

Proof of [E(&!(4)|F)| < KAV (AL + 17y,
We first observe that £'(4) can be rewritten as
kn—lw—1v—1

ORI PP Dok

w=2 v=0 u=0

where
n,jk ~n,0m ~n,gh __ n,jk _n,m n,gh n,jk n,lm n,gh n,gh n,jk n,lm n,lmy _n,gh
G Cigw Gito = Qi ity ity + oy AL (O — CF) + a2 A (G — O ™) g,

+ AZalIr (O — ey (ORI — O + AR (CFEF — O TRyl + AZ(CFE — O TRl T (O — ot

n-itu 1+v i+w 7 1+u 7 i+v i+w 7 7
2 n,jk n,jk n,lm n,dmy _n,gh 3 n,jk n,jk n,m n,lm n,gh n,gh
+ An (C'Hru - Ci )(CiJr'u - Cz )aier + An (C'Hru - Oz )(CiJrv - Ci )(Ci+w - Ci ) .

Based on the above decomposition, we set
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with x(j) defined below. We aim to show that |E(x ’]—'” | < KA3/4(A1/4 + nik n) j=1,...,8.
First, set

—1lw—-1v—-1

W)= a3 5 S aphaltrash

w=2 v=0 u=0

Upon changing the order of the summation, we have
1 kn—1w—

gk n,lm ,gh

X(l) (k A Z Z (Zaer]u) z+vn ZIJrqw

Define also
1 kn—1w
gk n,lm ,gh
X/(l) (k A ) Z Z (Zaz+]u) z+v E( 7,+zu| z+'u+1)

Note that E(x(1)|F) = E(x/(1)|F).
It is easy to see that by Lemma 5, we have for ¢ > 2,

B o

The Cauchy-Schwartz inequality yields,

kn—1 1
E
w=2 v=0

n—1w— v—1

n,jk n,lm n,gh
Z Z (Zai-i-u) l+v E( z+w| z+v+1)‘
= = u=0

‘f;l) < K A3/4,

n, lm
H—v

- v—1 i 4’ . 1/4 1/4
) < fe(| o] )] e )
x [E(‘E(aﬂ’“‘iﬁ”l o) ‘2‘}7)} < KAK A2 (V A+ )

where the last iteration is obtained using (61) as well as the inequality (a + b)'/? < a'/2 4+ b'/2, which holds
for positive real numbers a and b, and the third statement in Lemma 6.
It follows from this result that

E(x(U)]F)| < KAYA/Bo + i)

Next, we introduce

kpn—1w—1 wv-—1

1 2 : n, n, n,m n,
X(2) = (knAn)S St (u_oA C’7+Ju}C Cz jk)) z—Q—lv Ozi+%7
(3) . 1 o lw] ( o ,jk) Cn JIm Cn,lm)an,gh
X - (knAn) § — E « E i+v i+u 7 i+w
(4) B 1 kn—1lw-—1 (v_l A (Cn’]k Cn’jk)) (Cn JAm Cn,lm) n,gh
X - (knAn)g §7 i+u 1 i+u i aier .

Given that for ¢ > 2, we have

v—1

. q . .

B(|| > anterdt - e 7)< ka0t and B(ICLE - op e Fr) < KA,
u=0

43



one can follow essentially the same steps as for x(1) to show that

2)|FM)| < KAY (VA +nf,) and [E(x()|FP) < KA (VAL +n7,,) for j=3,4.

Define

kn—1lw—1 v-—1
n,jk n,lm n,gh n,gh
X(5 k- A (A3 Z Z (Zai—i-]u) ity A (CH_Z, Cl 9 )
w=2 v=0 wu=0
kpn—1lw—1 wv-—1
n,jk n,lm n,gh n, h
Xl(5 k A (kA3 Z Z (ZQHJU) Aty A E((CZJF‘:]J) C g | Z+v+1
w=2 v=0 u=0
kn—1lw—1 wv—1 ‘
X0 = g 2 3 (30 MO = ORI )l Au(Cit - o)
w=2 v=0 wu=0
kn—1lw—-1 wv—1

=1, A Goags 2 2 (el )AwCy — ortmaaers - opm,

w=2 v=0 u=0

where we have E(x(5)|F") = E(x'(5)|F/*). Recalling (62), we further decompose x’(5) as,

with

kn—1lw—1 v-—1

W= e 0 O (el Yol (B(Ct) — oM i) ~ (Uit~ ClA

w=2 v=0 wu=0
1 kp—1w—1
n,gh n h Jk n,lm
X/(5)[2}:m Z ZA Cz-i—!q]; Cz 9 (Zaz+]u) Aty
nen w=2 v=0

kn—lw—1 v-—1
1 < Jk n,gh n,ghy _mn,lm
X/(5)[3] = Z Z (Zal-&-ju) Cz—&-gz-&-l Cz-&-% ) H—v
(knAn) w=2 v=0 u=0
1 kn—1lw—1 v—1
Jk n,gh n,ghy _n,lm
X/(5)[4] = (k A ) Z Z (Za1+ju )A2 w—=v— 1)(b7.+(i)+1 _b1+l]1) )ai—H)
n=mn w=2 v=0 u=0
kn—1w—1

V= > > Abw—e bz:zh(Zasz) ofi

w=2 v=0

=B AL (w—v=1))

Using (62), (61), (58) and following the same strategy proof as for x(1), it can be shown that

E(vG)IIF)| < KAV /B +0,), for j=1,....5,

which in turn implies

E(x(5)|F)| < KAV (VA +,), for j=1,...,5.

The term x(6) can be handled similarly to x(5), hence we conclude that

E(x(6)|7) < KAY (VB + 0.
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Next, we set

kn—1 /w—
1 < ik n,lm n,lm n,gh n,gh
X(7> = (knAn)d ( Z Z a1+]u ) Cerv Cz ) (CZ+€U Cz g )) .

v=0 u=0

/\

=
|
S
|
—

(Zazﬁf)An (€l = O™ A(Ch - cm’v)

”s
Il
g <
Ly

= (S et - o - crg’v)

ja Y
-
S
E;

[>>—l
<

i
M

=
-
<
|
F
> -
<
i\l
/\/\/\/\
7]
/\

w=2 v=0
kn w—1
3ol Au(CH ~ O 0 = - ><bm1—bﬁ+a”>>
w=2 v=0
1 kn,—1 w—1
U=y Ao - bfﬁh(zalfi‘ )An(CE C?’“”>>,
w=2 v=0
so that
4
X(T) = _x(Mlj]
j=1

Similar to calculations used for x(1), it can be shown that
EQMUIF < KALHAL +mi,), for j=1,....3

To handle the remaining term x(7)[4], we set

kn—1w—1v-—1
s k n,lm n,m n,gh n,gh
X(7)[4][ = 3 Z Z Z 1+]u Cz+u+1 Cz+u )(Cl+£’L7L+1 CZ+S’ZL>
w=2 v=0 u=0
kn—1lw—1v—1
n,gh n,gh gk n,lm n,lm
X(7)[4][2 k‘ A 3 Z Z Z CH»Z Cz g ) 1+Ju (Cz+u+1 _Cz+u )
w=2 v=0 u=0
kn—1lw—1v—1
7 h ,gh Jk l l n
Xl(7)[4][2 k A 1. A \3 Z Z Z Z:*Z Czng ) ( 7,+ju (Czn+$1 _C'ZL+7;,m)|f7,+u)
w=2 v=0 u=0
kn—1lw—1v—1
nlm n,lm gk ,gh h
x(7)[4][3] = 3 Z ZZ itu —Ci )aer]u (Cszerrl O:L+Z)
w=2 v=0 u=0
kpn—1w—1v—1
nlm nlm n,gh n,ghy\ n,jk
X(7)[4H = 3 Z Z Z itu )(C’LJ,:(’{L _Oz 9 )ai:k]u
w=2 v=0 u=0
—lw—1v-—1
nlm nlm n,jk n,gh n,gh
X(7)[4][ = 3 Z ZZ itu )ai—i-Ju (CH-% 701-&-!1]1—&-1)
w=2 v=0 u=0
kpn—1w—1v—1
nlm nlm n,jk n,gh n,gh n
X MRIB = 3 2 D D (G = CrMelBI(CHS - CRalF)
w=2 v=0 u=0
kpn—1lw—1v-—1
s k n,lm n,lm n,gh n,gh
X(7)[4” = 3 Z Z Zal-i-ju Cz-‘ru-‘rl Cz—i—u )(CH-% Cz-i—%—i—l)

w=2 v=0 u=0
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kn—lw—1v—1

n,gh n,gh gk ~n,lm n,lm
X(7)[4][ = 3 Z Z Z CH-LZ Cz g ) 1,+Ju (Cz+v Ci+u+1)
w=2 v=0 u=0
kn—1lw—1v-—1

Jk n,gh n,gh n,m n,lm
x(7)[4][8] (k A A N3 Z Zzal+ju CH-?LH Cv-qi WO — Ciutn)
n n w=2 v=0 u=0
kn—lw—1v—1

XA = o A TATE 2 D 2 et (O = CRTL)(CEY - ),

w=2 v=0 u=0

which satisfy,
9
= > x(MAl)
j=1
By using arguments similar to those used for x(1), it can be shown that
(TG F < KAYHAY + i), for j=1,....8,

which yields

DIFOI < KA/ A +mik,)-

Next, define
kpn—1w—1v-—1
ik ik N/ N/ h h
X&) = 15 D 30 SO e e ey o - o,

" w=2 v=0 u=0

This term can be further decomposed into 6 components. Successive conditioning and existing bounds give

E((C12F = O M) (Ot = Clm(Cls = Clah| 7 )| < KA,
Cn,jk Cn,]k Cm JAm Cm Jm Cn,gh Cm ,gh Fr < KA3/4 A1/4
| i+u ( 1+v 1+u ) i+v 1+u ’ ) | + nl ky )

|7

i4u i+u | < KA

nghicngh

z+u z+u H—w 1+v

(
5
B( :
(Cm,jk Cn,]k ( n,lm n lm) |

Cn,gh n ,gh

1+v z+u ’]:'TL

3

I /\

1+u +u

\ /\

( ) ( )
( ) ( )
(0’”’“ CHMCHT = CRICE = )
(C = erher - ermye )
( ) ( )
( (

)

)
|J—'”)| < KA,

)

)

C::,_juk Cn,]k)(C;riT Cn lm) Cn,gh C;n,gh |]_-n

i+u (3

IE(

These bounds can be used to deduce

K2

8)|F| < KA,.

This completes the proof.
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Proof of (49) and (50) in Lemma 8

Observe that

kn—1
n,jk n,lm n,lm n,gh n gh ,jk n Jm n,lm n,gh n,gh
ﬂi (Ci-i-kn - Cl )(Ci-&-kn - Cz k} A E : @ u z+kn - Cz )(Ci—i-kn - Ci )7
kn—1 2kn,—1
n,jk on,lm n,gh n gh z : ,jk n, lm n ,gh n,gh 2 : 2 : ,jk n, lm n,gh n,gh
Bi ﬂi (Ci+kn - Cz k2 AQ Cz u l u z+k Cz k‘2 AQ Cz u z v Cz-‘rk Cl )
n u=0 n u=0 v=0

kn—2kp,—1

Z 2 : Cn lm ,gk: n,gh _Cn,gh)
kQAZ z v it+kn 1 .

n u=0 v=0

Hence, (49) and (50) can be proved using the same strategy as for (48).

Proof of (51) and (52) in Lemma 8

Note that we have

n,jk _n,0m on,gh _ an,gh on,jk on,0m n,gh on,jk on,m n,gh on,lm on,jk n,gh on,lm on,jk
Yi T Y Bl = Bl Bi+knﬂi+kn + B B 6 - 61 ﬂl Bi+kn - 51 Bl BiJrkn
n,gh on,jk n lm n,lm n,gh on,jk n,lm n,lm n,gh on,lm n,jk n,jk n,gh on,lm n,jk n,jk
+ 5 5z+k ( itk, Ci ) - 51‘ 5 (Cz-i-k Ci ) + Bi ﬁz’+kn( ithkn Ci ) - 5@ ﬂi ( itkn Cz‘ )

Jgh mk Jk 1 1
+ 8 (G, — G, — G,

and

AT = B B B+ B BB — B B B — B BT Bl
+ B B (O — O™y — B BRI (C = O™+ BT BT (Ot = CIR) = Bl Bl (O — ety
+ B (Ol = OOy — O™ = B B B — B BT B 4 B B B+ B B B

= B B (O — G+ B BN — O = BB (R, — CI) + B B (C, - O

_ Bn,gh(c‘ n,jk O ,]k)(cﬁ,lm _ Cm lm) + ﬁ n,jk ﬂn lm( n,gh Cn,gh) + Bﬁ,jkﬁﬁ,lm( @,gh _ Ozl,gh)

i i+kn i+kn it+kn, itk ’L+k}n H—k
1 gk h ,gh N gk ,gh h gk l N h ,gh
= B B (O, — ) = B B, (G, — C7) + B, (G, — G (s, — CF9)
= BPMCT = OO = O+ BT (O — OO — o)
) gk gk ,gh ,gh gk gk l N ,gh ,gh
- ﬁzn m( Z—Jkn - Cz‘nj )( z‘n+£1?cn - szg )+( ;l+jk an )(C::-l;n Cz‘n m)( ?—Q—i:n - Cz'ng )

From (44), notice that 8" is 77", -measurable and satisfies ||E(5}'|F]")| < KA.

Using the law of iterated expectations and existing bounds, it can be shown that

B(B" B || < KAY.

BB B Bl | F| < KAy,

BB (Ol — MBI |F < KA,

B35 (Ol = )R] < KA

E((CE — el (e — ety (el — O™ Fi| < KAy (63)

By Lemma 3.3 in Jacod and Rosenbaum (2012), we have

knA, — ,gh ab
3 Citk, | <EKVAL(A; /8 + ks ko)

1
(O@,ga O@,hb + C 7gb Cln,ha)

n,gh on,ab
n n KL n n
‘ (/Berk /Berk z-‘rk L) k i+k i+ky i+k
n
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Hence, for ¢"9" e {g"9" Cf_s’_%h CM9") | which satisfies E(|p"?"|9|F) < KAY* and E(p9"|Fp) <

K A;L/ 2, it can be proved that

knAn —n,jk,Im

B0y 81 B 7 — B (" [ (Clik Ot + O ) = o™ |77 )| < KAYHAY + o, )
Next, successive conditioning and existing bounds give
By Ti ™ < KAYHAY +niy,)
(e} Cl, CHI < KA,
which implies
(B} " B B < KAYHAY* + i, ). (64)

It is easy to see that (48), (63) and (64) and the inequality 7', < nj'y;, ~together yield (51) and (52).

Step 3: Asymptotic Distribution of the approximate estimator
First, we decompose the approximate estimator as

— (A1) —— (A2)

H(O).G(C))y = [H(O).GC)y "~ HE).CC)y .

with
A A [T/An]—2k,+1 y
[H(C).GO)p =5— > (O HOapG) (CP ) (O — Cm9my (et — Cmeb,
g,h,a,b:l i=1
and
— (A2) d [T/An] Zkn+1 ~ ~ ~ ~ ~1
D S S A

" g,h,a,b=1

In this section, we use the notation C}' | = C(;_1)a, and F; = F(;_1)a, to simplify the exposition. Given
the polynomial growth assumption satisfied by H and G and the fact that k, = §(A,)~/2, by Theorem 2.2

in Jacod and Rosenbaum (2012) we have

— 2 d T
= <[H(C),G(C)](TA S0 Sl U L RO IAIES hb+cgbch“)dt> = 0,1,
n g,h,a,b=1

which yields

1 i A) 3 d r a a
M([H((J),G( p> / Oy HOwG) (C) (e c?b+c9”>dt>i>o.

n h b

(A1)
To study the asymptotic behavior of [H(C),G(C)]; , we follow Ait-Sahalia and Jacod (2014) and define
the following multidimensional quantities

) = - AIY(AIY)T Oy, () = A
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¢ =EBCPFL), W) =) — @),
with
i = (¢ >"gh)1§gyh§d.

We also define, for m € {0, ..., 2k, — 1} and j,l € Z,

-1 if0<m<k,

e(W)y, = .
+1 if k, <m < 2k,,
2k, —1
e@ =Y ) =(m+1)A 2k, —m—1)
q=m-+1
N 1/A, ifu=v=1
Zu,v -

1 otherwise,

(l—m—1)V(2k, —m—1)

3 n n n
W= s Y ewie@, Do),
n q=0V(j—m)
2k —1
M (u,v;u', 0" )n = 230 200 Z T(u,v)n, (w00,
m=1
The following decompositions hold,
| ol 2 R ; | 2kl 2
GACIREELS B DU O NN By ol St
n 7=0 u=1 n 7j=0 wu=1
1 22 [k 2k —2 2ky—1
pompet ~ LSS5 (O3 ettt + 3 3 o
nu=lv=1 \ ;=0 J=0 ¢=j+1
2k, —1j—1
+ 6(U)§L€(v)ZC(U)?%gj‘hC(v)?JLZb) :
j=1 ¢=0
A change of the order of the summation in the last term gives
2 [ 2k,—1 2k —2 2ky—1
h_n,ab n gh b
o = g 35 (3 e+ 3 3
n u=1v=1 j=0 j=0 gq=j+1
2k —2 2ky—1
> e<v>ya<u>gcwmbau);zzh).
J=0 q=j+1
_—— (A
Therefore, we can further rewrite [H(C),G(C)]; as
_— (A _— (A1) _— (A12) _—
[H(C),G(O)ly =[H(C),GO)y +I[H(C),G(O)y [H(C), G
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= 7(ua v3 m)(r)l,an,

H—J ’

n )n,ghc:( )n,ab

i+j

¢(u)

(A13)

(O)r

()" ¢(v)

, with

1+q

n,ab
it+q



d 2
— (Alw) —
[H(C),G(O)]r = Z Z Alw(H, gh,u; G,ab,v)}, w=1,2,3,

and,

e (T/A]—2kn+1 2k, —1

Al11(H, gh,u; G,ab,v)} = — Z Z Ogn HOap G)( )5(“)?5(U)?C(U)?+g]hg(v)?+‘zba
7=0

- g [T/ 2knt1 20 -2 2kn 1

Al12(H, gh,u; G,ab,v)} = — Z Z Z OgnH 04 G)(C )5(U)?E(U)ZC(U)Z’-QJ']ZC(W)?—;-?’
J=0 g=j+1

[T/An])—2kn+1 2k, —2 2k, —1

Z ST @ HOWG) (O e (v)] (¢ (o) cu),

j=0 g¢=j+1

A13(H gh,u; G, ab, v)7. 2k3

where we clearly have A13(H gh,u; G, ab,v)l = A12(G ab,v; H, gh,u)}. By a change of the order of the

summation,
g (/A @k DAG-D) ] )
All(H gh,u; G, ab,v)% =53 Z Z (Ogn HOubG)(C} ;1 )e(u)Fe(v)F ¢ (u) 7" C(v);,
Moi=1 j=0V(it2kn,—1—[T/AR])
[T/An] (i—1)A(2kn—1)  (2kn—m—1)A(i—m—1)
A12(H gh,u; G, ab,v) 2k;3 Z Z Z (Ogn HOupG)(Ci" 1) X
=0V (i+2kn—1—m—[T/An])
e(u)je(v)} 1 mCan ()i mCab (V)7
Set
[T/AL] 2k, —1
ATL(H. gh,w:GLab, 0 = 5o 3 3 (O HOWG) (O 1)elu)fe(w) ()} "¢ o)
i=2k, j=0
[T/An] (i—1)A(2kn —1) (2kn —m—1)
A12(H gh’ U3 G a’b U 2]€3 Z Z Z (athaabG)( i—j—1— m)g(u)?‘g(v)?—i—ngh(u)?—mCGb(’U)?’
" =2k, j=0
and
L [T/An 2kn
ATI(H, gh, G, ab o) = o ( (W)} e(0)} ) (Ogn HOabG) (Cll gy, )G () ¢ (0) "
n =2k,
/An
)6 Y (OgnHOWG)(CF gy, )W) "¢ (0)7
i=2k,
g [T/An] (i—1)A(2kn—1) (2kp —m—1)
Alz(vahau; Gvabvv)%: ﬁ Z (aqhHaabG)( i—2ky, ) Z Z E(u)?g(v)?+m<gh(u)?—mgab(v)?
" i=2k, m=1 =0
(T/An]
= Y (OenHOuG)(Cl o, )Pgn (1, v) Can(0)7,
i=2kyp

20



with

2k, —1

pan(u,0) = > T(u,v)pCon(w)},,
m=1
The following results hold:

1
A1/4 (Alw(H gh,u; G, ab,v)p Alw(H gh,u; G, ab,v)p ) 50 forall (H,gh,u,G,ab,v) and w = 1, 2.
(65)
Alw(H, gh,u; G, ab,v)} — Alw(H, gh,u; G, ab,v)%) 50 forall (H, gh,u,G,ab,v) and w =1,2.

(66)

L (m

Proof of (65) for w =1

The proof is similar to Step 5 on page 548 of Ait-Sahalia and Jacod (2014). Our proof deviates from the
latter reference by the fact that, in all the sums, the terms ¢(u)9"¢(v)™*" are scaled by random variables

rather that constant real numbers. First, observe that we can write

A1l — A1l = A11(1) + A11(2) + AL1(3)  with

o (2kn—1)A[T/AL] 3 (2kn,—1)A(i—1)
Anm=- 3 ( 2 (O HOmG) (G- 1>e<u>?e<v>?>c<u>?’gh<<v>?’“b,
i=1 " j=0V(i+2kn—1—[T/AL])
—_— [T/An] 3 (2kn_1)/\(i_1)
A11(2) = > %3( > (Ogn HOwG)(CF;_1)e(u)e(v)?
i=[T/Ap]=2kn+2 7" \G=0V(i+2k,—1—[T/A,))
(2kn_1)
— > (9 HOWG)(CL ;- 1>s<u>;s<v>;><<u>?*gh<<v>?’“b7
j=0
. [T/An]—2kn+1 3 (2kn—1)A(i—1)
AE) = Y w( > (OgnHO0apG)(Ci ;1 )e(u)e(v)}
=2k, N\ =0V (i4+2kn—1—[T/AL])
(2kn—1)
= > (OgnHOWG)(C] ;- 1)e<u)?e<v)?>C(u)?’ghc‘(v)?’“”-
7=0

It is easy to see that 21\2(3) = 0. Using (45) with Z = ¢ and (46), it can be shown that

E(ICDF19F ) < Koy E(IC@FIFL ) < KAY2 (67)

The polynomial growth assumption on H and G and the boundedness of C; imply that [(9gn H9uG)(Ci-;_1)| <
K. Hence, the random quantities (% Z;Z:kélvi(;igg,jif[T/An])(3th8abG)(Czn o 1)5(u)?5(v);1) and

%3 E (2K _1)( OgnHOapG)(C};_1)e(u)te(v)} are F' | — measurable and are bounded by 7, defined as

K if (u,v)
?Z,v = K/kn if (U7U) = (172)3(2’1)
K/k? if (u,v) = (1,1).
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Similarly, the quantity,

3 (2kn—1)A(i—1) (2kp—1)
( > (Ogn HOuwpG)(CFj_1)e(w)Fe(0)} — > (OgnHOwG)(CF- ;- 1)8(u)?8(v)?>,

2k3\ ;
=0V (i+2k,, —1—[T/A,]) j=0

is F;* ;— measurable and bounded by 27, ,. Note also that, by (67) and the Cauchy Schwartz inequality,

we have,
KA, if (u,v) =(2,2)

(¢ ()7 "¢ (o) | Fy) < B(IC@)P IPIFR) PEAIC@)FIPIF)Y? < § KAY? if (u,0) = (1,2), (2,1)
K if (w,v) = (1,1).

The above bounds, together with the fact that k, = 0A, " 1/2 , give ]E(|Xl\1(1)|) < KAY? and ]E(|Zl\1(2)\) <
KAY? for all (u,v). These two results together imply All( ) = o(AleM) and 21\1(2) = o(A;1/4), which
yields the result.

Proof of (65) for w =2
We proceed similarly to Step 6 on page 548 of Alt-Sahalia and Jacod (2014). First, observe that we have
A2 — A12 = AT2(1) + A12(2)  with

(2kn—1)A[T/A] (2kn —m—1)A(i—m—1)

-y (Z oo ( > OpHOWG) Oy )W)} )

i=2 kn §=0V (i+2k, —1—m—[T/A,])

Cgh(U)?_m> Can(v)7';

(2kp, —m—1)A(i—m—1)

— [T/A] (i—1)A(2k,—1) 3
iR = Y ( > (5 > O HOwG) (CF1j)e()F=(0)} )
i=[T/Ap]—2k, +2 m=1 " G=0V (i+2kn—1—m—[T/An])
(2kp—m—1)
= Y OunHOWG)(CI 1)) (0) ) o ()i )cabu
j=0

It is easy to see that the quantity

2k —m—1)A(i—m—1)

e > (O HOwC) (CF-1 )W)}

=0V (i+2k, —1—m—[T/AL])

is /7' ,,,_1 measurable and bounded by 7y ,. Let

(i—1) 3 (2kp, —m—1)A(i—m—1)
KJ?: Z ﬁ( Z (athaabG)( i—1—j— m)a(u)?a(v)?—km)Cgh(u)'?—m'
m=1 =0V (i+2k, —1—m—[T/AL])

It follows that x}' is F;' ;-measurable. We have

E(|s""*[Fo) < (Fi.)°
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KA, ifu=1 K, ifu=1
[E(C(w)im | Fimm—1)] < . : E(lI¢(w)i | Fimm-1) < .2
KA, fu=2 K,A} fu=2

Using Lemma 5, we deduce that for z > 2,

K. )qk? ifu= ) K. Jk3? ifo=1
K30 ) k% ifu=2" | K.ka™?  ifv=2

Using the above result, and similarly to step 6 on page 548 of Ait-Sahalia and Jacod (2014), we obtain that

ﬁ@u) 2 0. A similar argument yields A}/4m(2) 2 0, which completes the proof of (65) for w = 2.

Proof of (66) for w =1

Define
3 2k, —1
C),in n n
O )" = 5 37 (O HOWG) (1) = (OgnHOuwG) (CFay,.) )2(w)} ()]
n j=0

By Taylor expansion, the polynomial growth assumption on H and G and using (45) with Z = ¢, we have

]E( Ogn HOwG)(CI ;1) — (g HupG) (CTo, )| FI- )‘<Kk Ay) < KA, for j=0,...,2,
E(|(Ogh HOabG)(C}- ;1) = (Ogn HOwG)(Clap, )| F o, )| < K (k)2 < KAY* for g >2

<

Next, observe that O(u, v)éc)’i’" is F* ; -measurable and satisfies |©(u, v)éc)’i’”| < Vs \E(@( )(C) ” e %”)

KA}/QWH » and E(|@(u, v)(()c)’i’" 1
equality. We aim to prove that

i—2kn) < KqA%/Zl(ﬁZ,U)q where the latter follows from the Hoélder in-

- 1/4
TL

[T/A)
Z 6 ’LL ’U (C),l nC( )?,ghg(v)?,ab‘|

1=2ky,

converges to zero in probability for any H, G, g, h, a, and b with u,v =1, 2.

To show this result, we first introduce the following quantities:

(T/An]

n 1 C zn n n
EQ) = 1/4[ > O ) EC () ’g’”‘av)?’“ﬂa_nl
n i=2k,,
(T/An)]

B(2) = }/4[ > 0% v)e () ) = B () 1))],

" =2k,

with E = E(1) + E(2). By Cauchy-Schwartz inequality, we have

E(I¢(w)] " ¢(0);""|7) < (3i1,)"% where 7, = § KA, if (u,v) = (1,2), (2, 1)
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Since ¢(u)]"9"¢(v)!"* is F'-measurable, the martingale property of ()" ¢ (v)"** —E(C ()" ¢ (v) | F ;)

7
implies, for all (u,v),

E(E@2)P) < KA (A, )0, < KA,

The latter inequality implies E(?) £ 0 for all (u,v). It remains to show that E(l) 0.
We remind some bounds under Assumption 2, see (B.83) in Ait-Sahalia and Jacod (2014),

B C@P I FL )| < KAy,
|E(C(1)Zf_b,ghc(1)mab| ) (Cn gacn ,hb + Cm gbcn ha)l < KAl/z,
|E(€(2)?,ghg(2)? ab|]_-l . 6n ,gh, ab )| < KA3/2 \/7 N 771

Case (u,v) € {(1,2),(2,1)}. By (68) we have

~ T
BB < K

A1/4(A1/4’Vu WAL S KAY? so E(1) S 0.

Case (u,v) € {(1,1),(2,2)}. Set

R 1 [E/A
E'(1) = NG > O(u,v) vy,
n L :=2k,,

R 1 r[T/AR]
E"(1) = PRI I (7 VZ"Q,%)]

1/4
An/ L i=2k,
L [E/a . . b
E"(1) = 77| Do O (B () ) N FL) - Vi)
An L :=2k,,
where
CRA O + CRP Ot it (uy0) = (2,2)
Vi = OmA, if (u,v) = (1,1)
0 otherwise

Note that we have E(1) = E’(1) + E”(1) + E”(1). Using (69) and (70), it can be shown that

_ K (A5 ) At (u,v)
]E(|E (1)|) S 1/4 3/2
K#(An Wn )A’ﬂ if (uv U) = (2a 2)

Ai/z; u,v

Il
\.P—‘

[t
~—

< KAY? in all cases.

Next, we prove E’(l) £ 0. To this end, write

| [T/ 2ket1

= 0),i—142kn,n

E'(1) = NG > Oy ‘/(i—l)An]~
n =1

The fact that the summand in the last sum is F7' 5, _,-measurable and lemma B.8 in Ait-Sahalia and Jacod

(2014) imply that it is sufficient to show

1 [T/An]—2kn+1 ‘
[ ST EOu,v)f T YA,

=1

FE)Il =0 and
AV ]
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2k, — 2

[T/An]—2kn+1
AL/2 [

Z ]E(|@(u,v)(()0)’iH%"’"V(ilmn)g)l -0

i=1
The first result readily follows from the inequality

PN if (u,0) = (1,1
Vv (u,v) = ( )gKA?/Q in all cases

[B(Ou, )67 T2 MV | )] <
’ CDST kAYHR A, i (u,0) = (2,2)

while the second is a direct consequence of

KAY?(Fn )2 if (u,v) = (1,1
(Vi) (u,v) = ( )gKA;Zﬂ in all cases.

E(10(u, v){ 7 Ty, AL ) < ’
0 (=1an KAY?Rn 0?02 if (u,v) = (2,2)

Finally, to prove that E”(l) RN 0, we use the fact that

E(10(u, )5 (Vi-1yan — Vieaknan)) < E(O(w, )5 P V2E(\ Vi 1ya, — Viioak,a, 1)
KA, if (u,v) = (1,1)
KA AN i (u,0) = (2,2)

)

which follows by the Cauchy-Schwartz inequality and earlier bounds. In particular, successive conditioning
together with Assumption 2 imply that for (u,v) = (1,1) and (2,2), E(|Vii—1)a, — Vii—2kn)a,|?) < A2

Proof of (66) for w =2

Qur aim here is to show that

N 1 [T/An] /2k,—1 3 2k, —m—1
B@) = 1 (Z (o > (OnHIMON L or) — O HOWG) (g, w0 )
n =2k, \ m=l n 2o

cm)?%) ()P = 0.

For this purpose, we introduce some new notation. For any 0 < m < 2k, — 1, set

2k, —m—1

9(“7”)57?)’ = %3 Z [(athaabG)(Ci—j—m—l) - (8thaabG)(Ci—2kn)]€(u)j €(U)j+m
n =0
2k, —1

plus )t = 37 O )W)
m=1

It is easy to see that ©(u, v)gf Jim g Fir,.—1 measurable and satisfies, by Holder inequality,

O, )4 <72, and E(|6(u, o) |9y, ) < KA FL)
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Lemma 5 implies that for ¢ > 2,

A K (AY43n yagd/2  if g =1 K, /K2 ifv=1
Bp(u, o) ety < § ot TR U] QR (71)
Ko(A "3 kYT ifu=2 Kk ifv=2
Set
(T/A]
- 1/4 > plu,0) IR (0) P F),
n i=2k,,
[T/An] ) )
il _ C),i,n,gh n,a n,a
E (2)—@ ; p(u, v)(OHIR(C(0) — B(C(0)7 | F)-

The martingale increments property implies E(|E” 2)?) < K Ai,/ % in all the cases, which in turn implies
E”(?) - 0. Next, using the bounds on p(u,v)(©)#™9" and similarly to step 7 on page 549 of Ait-Sahalia
and Jacod (2014), we obtain that E’(2) = 0.
Return to the proof of Theorem 1

So far, we have proved that

/\ Al)

d 2
1
([H(C), Z Z 1(H, gh, u; G, ab,v)™ + AT2(H, gh, u; G, ab, v)™
b: v=1

+ A12(G, ab,v; H, gh, u)’%) 0.

We next show that,

[7/A0]
1 n n 4 n ]P
NG > (OgnHOaG)(CP oy, ) pgn (1, 0)1 Cop(v)i =50, ¥ (u,0) (72)
n 1=2k,,
_ T h,ab P
7 (All(H, gh,u; G, ab, v) — / (Dgn HOay G (C) T dt) L. 0 when (u,0) = (2,2) (73)
n 0
1 3 7 ga ~hb gb ~ha ig
NG (A (H, gh,ws G, ab,v) = g5 | (@nHOwG)(C(CICL +C°C] )dt) 2.0 when (u,0) = (1,1)
(74)
AlMT(H ,gh,u; G, ab,v) = 0 when (u,v) = (1,2),(2,1) (75)
which will in turn imply
o (4) 3 d 2 [T/An] B
71 ((HC). GOy ~HEO.6Or = 5o 37 3 S [0nHOwG) (Cl, o (0,0)7 o (07
Ay " g,h,a,bu,v=1 i=2k,
(76)
+ (Da HOGG) (CF- a1, Jpan0, w) G (0)7 ] ) = 0. (77)
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(72) can be proved easily following steps similar to step 7 on page 549 of Ait-Sahalia and Jacod (2014) and
using the bounds of p(u,v)™?" in (71) . To show (73),(74) and (75), we set

L (T/Aq]
ATL(H, gh,u; G,ab,v) = T(u,0)f Y (9gnHabG)(Cim1)¢(u)] " C(v)

1
i=2ky,

Then it holds that,

A (All(H gh,u; G, ab,v) — A11(H, gh,u; G, ab, v)) 0.

This result can be proved following similar steps as for (65) in case w = 1 by replacing O(u,v), (O)im

by I'(u, v)§ ((9gn HOabG)(Ci-1) — (9gnH 0apG)(Ci-25,,)), which has the same bounds as the former. Next,

decompose A1l as follows,

- [T/A0]
A11(H, gh,w; G, ab,v) = T'(u, v)gl Z (Ogn HOuwpG)(Ci—1) V"4
i=2k,,
(T/An] . .
+ Y O HOG)(Con) (BC) (o) | Fy) = Vi)
=2k,
[T/ 4]
+ 7 O HOwG) (Cin) () 0) " — B(C(u) " (0) | 7 o)]
=2k,

We follow the proof of (66) for w = 1, and we replace @(u,v)(()c)’i’n by T'(u,v)§(0gnHOuwG)(Ci—1), which
satisfies only the condition |I'(u,v)g(9gnH 0w G)(Ci-1)| < 75, This calculation shows that that the last
two terms in the above decomposition of vanish at a rate slower that A}L/ 4 Therefore,

(T/An]
A1/4 <A11(H gh,u; G, ab,v) — T'(u, v)g( Z (aqhHaabG)(Ci_l)VﬂJ) = 0.

i=2kn,

As a consequence, for (u,v) = (1,2) and (2, 1),

Al/4147(H ,gh,u; G, ab,v) = 0.

The results follow from the following observation,

(T/AR] T
1 3 a a
M( B S S OuHosG Vw0 - | @uttoucicocrett + it >dt>:»o,
0

n g,h,a,b=1 i=2k,,

nall
1/4
A 9,

Set

for (u,v) =(2,2)
(T/An]

d
3 F(u,v)g( 3 (8th8abG)(Ci1)1/;711(%1;))—[H(C’)7G(C’)]T> =0, for (u,v) = (1,1).
h,a,b

=1 1=2ky,

1
g(Ha gh7u7 Ga Clb,?])? = F(athaabG)( i—2knp, )pgh(u U)z Cab(v)n
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[t/An]
Z(H, gh,u; G, ab,v)} = A,l/4 Z ¢(H, gh,u; G ab,v)}.

1=2ky,

Notice that (76) implies

1
AL/A

[

(@G0, - HE).Ce))

n

2
(Z(H, gh,u; G, ab,v)p+Z(H, ab,v; G, gh, U)?)-
=1

d
g,h,a,b=1u,

v

(78)
. e P (4)
Next, observe that to derive the asymptotic distribution of (

H(C).Gi(O)ly . [HA(C). GOy ). it
suffices to study the joint asymptotic behavior of the family of processes ﬁZ(H, gh,u; G, ab,v)h.

It is easy to see that &(H,gh,u;G,ab,v)? are martingale increments, relative to the discrete filtration
(FM). Therefore, by Theorem 2.2.15 of Jacod and Protter (2012), to obtain the joint asymptotic distri-
bution of ﬁZ(H, gh,u; G,ab,v)}, it is enough to prove the following three properties, for all ¢ > 0, all
(H, gh,u;G,ab,v),(H', ¢'h/,u'; G’ d'b',v") and all martingales N which are either bounded and orthogonal
to W, or equal to one component W/,

L /A
A((H,gh,u;G,ab,v),(H’,g'h’,u’;G’,a’b’,v’)) = Z E(¢(H, gh,u; G, ab,v)'E(H'  g'W o' G a't o) F )
t
=2k,

N A((H, gh,u; G ab,v), (H',g'h/,u'; G, d'V, v’))
¢

[t/An]
> E(E(H, gh, u; G, ab, v)! || Fy) == 0
i=2kn,
[t/An]
B(N; H, gh,u; G, ab,v)} : Z E(&(H, gh,u; G,ab,v)] ATN|F! ) =0
i=2kn

Using the polynomial growth assumption on H, and G, the second and the third results can be proved by
a natural extension to the multivariate case of (B.105) and (B.106) in Ait-Sahalia and Jacod (2014).
Define
(Cpa' O + g’ cha’y if  (v,0) = (1,1)
Ve (v,0), = L T it (v,0) = (2,2)
0 otherwise,

and
(Crep ooy it (ua) = (1,1)
VO (), = { oo it () = (2,2)
0 otherwise.

Once again using the polynomial growth assumption on H, and G, and following steps similar to the proof
of (B.104) in Ait-Sahalia and Jacod (2014), one can show that

A((H,gh,u;G,ab,v),(H',g/h’,u’;G’,a'b',v’)) =
t

—d'h

t
M (u,v;u,v") / (OgnHOu GOy 1 HOury G) (Cs) VY (v,0") V0, (u, 1) sds,
0
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with

3/03 it (u,v;u/,0")=(1,1;1,1)
Mty = 430 ) = (1212, 212,
1510/280 if  (u, v, v') = (2,2;2,2)

0 otherwise.

Therefore, we have
A((H,gh,u;G,ab, v), (H’,g’h’,u’;G',a’b’,v’))T =

B f) O HOuw GOy H' iy G') (C1) (CFF CPY + Cf7 O ) (Cpo' CFY + Cp¥ Pyt i (w5’ 0') = (
2 [T (Ogn HOwG Oy H' 0y G (C)(CPS CIY - P 19 yTe™ Y ay it (v, o) = (
2 [ (g HOwG Oy 1y H oty G')(Cr) (Cp' O+ O O )74 e it (w v 0) = (
1518 (T H Oy GOgrne H' Dty G ) (Cr) O T i (w0, 0) = (
0 otherwise.

— (A) — (4)

Using (78), we deduce that the asymptotic covariance between [H,.(C),G,(C)|; and [Hs(C),Gs(C)] s
given by

d d 2
Z Z Z <A((HT,gh,u;Gr,ab,v),(Hs,g’h',u’;Gs,a’b’,v’))T

g,h,a,b=1g’,h',a’ ,b'=1u,v,u’ v’ =1

+ A((Hy, gh s Gy ab,v), (Hy a0 Go g W)+ A((Hryab,v; Gry ghyu), (o, g/ s Gy ) )

+ A((Hy ab,v; Hy, ghyw), (Ho,a'V 03 Gy, ') )
T
After some simple calculations, the above expression can be rewritten as

d T
6 ) )
PIEEDY (e | (000G, 050 21 Gu(C0) [(CPCP + P eliycitepm + comed
9,h,a,b=1j,k,l,m=1 0
+(CP e + okey)(cftolm + Cfmcfl)] dt
1516
140

gh,jk—ab,lm —ab,jk

t
/ (athraabGraijsalmGs(Ct)) |:6 C + C 6gh,lm:| dt
0

ab,lm gh,jk

t
+ % / (Ogh Hy0ab G0 HoOm G5 (Cy)) [(CWC’”“ + ORI+ (Cptepm 4+ Cpm ey Y
0

ab,jk

et T s et s ot T ),

which completes the proof.

B.2 Proof of Theorem 2

Using the polynomial growth assumption on H,.,G,, Hs and G4 and Theorem 2.2 in Jacod and Rosenbaum
(2012), one can show that

O%Qr s,(1) _> ZT s,(l)

29



Next, by equation (3.27) in Jacod and Rosenbaum (2012), we have

3 A 6~
o [Q ,5,(3) 097"757(1)] P 27"737(3).
Finally, to show that

151
516 9 Qrs,(Z)

5 445 P 2
Qrs ,(1) _ 7Qr,s,(3) r,8,(2)
140 492[ T T ]

3 — Xy ,

we first observe that as in Step 1, the approximation error induced by replacing @f by @/” is negligible.
For 1 <g,h,a,b,7,k,l,m <dand 1<r s <d, we define

[T/AR]—4k,+1

W;’l = Z (athraabGrathsalmGs)(Cn)/yz ,gh,_yzl,jk,yl?:_a;; IYZ,-IQTZ
=1
(1) = (09 Hy 0G0 H O Gy ) (CPYE( TRy sk il | oy

()7 = (Ogn H, 0 G051, H 01 Gy ) (CP) (4] Ty il — B9k A7 | Fm)
(3)7 = (g Hr 0 Gyt HoDn G ) (CF) = (0 Hr D Gy 031 HoOum G ) (C1) )12 M50 e

[T/A,]—4kn+1

Wy = > @iu), u=1,2,3.
=1

g)

g)

Note that we have /Wt” = /W(l)? + W(Q)? + /W(?))? By Taylor expansion and using repeatedly the bound-
edness of C;, we have

@3)7] < @+ 11BN I 72, 1,

which implies E(|@w(3)?]) < K AY* and W( )7 -2, 0. Using Cauchy-Schwartz inequality and the bound
E(||y2 |19 Fr) < KAY* we have E(|@(2 )7?) < KA2. Observing furthermore that @(2)? is F; 44k, —measurable,
we use Lemma B.8 in Ait-Sahalia and Jacod (2014) to show that W( 7 0. Also, define

4 . .
W} = (Ogn H, 0av G0k HoOn G ) (CT) [ En, (Clrer Mooty epitert T 4 oI et
a m 4 QAn —n ab—=n,jk,lm
(Cn len km + Cm,jmcn kl)c n,gh, b (Cn,gacn hb + Cn gbcn ha)O n,jk,l + (k‘,,;) )Oz 'g9h, bci gkl ]’

[T/An]—4kn+1
Wi=2A0, Y

i
i=1

The cadlag property of ¢ and C, k,v/A, — 0, and the Riemann integral argument imply Wx N W
where

T
4 4 4 a
W = / (Ot Hr Dar G 0ia Hy D1 G (C1) | 5 (CLCP 4+ CEP O (O O™ + OO + (C’”C’”" +cmorteyt
0

Jk,im —gh,ab

%(cgachb cbchaye? +—C C””m}dt

In addition, by Lemma 4, we have

[T/An]—4k,+1

E(/W (1)} WT|)<AnE< > (A}/SerAkn))

=1
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Hence, by the third result of Lemma 6 we have W{f N Wy, from which it can be deduced that

W+ 5 ST (OgnHr0uvGrk HoOun G ) (CI)[CL (jk, lm) CF (gh, ab)]
n i=1

9 {A g [T/Bn) ka1
462

_ = (Ogh Hy 0ap G0 Ho O G ) (C2)CE (gh, ab)y F

2 ’ ~ . n n,a
-7 (8thraabGraijsalmGs)(Cin)cin(.]kv lm)’)/' ’gh%’ ' b:|

7
—gh,ab—=jk,lm

T
N / (Ogh H 0y G0 H 01 G5 ) (C) T T .
0

The result follows from the above convergence, a symmetry argument, and straightforward calculations.
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